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Abstract 

One aspect of the Langlands program for linear groups is lifting of charac- 
ters, which relates virtual representations on a group G with those on an 
endoscopic group for G. The goal of this paper is to extend this theory to 
nonlinear two-fold covers of real groups in the simply laced case. Suppose G 
is a two-fold cover of a real reductive group G. The main result is that there 
is an operation, denoted Lift^, taking a stable virtual character of G to or 
a virtual genuine character of G, and Liftg(G7r) may be explicitly computed 
if vr is a stable sum of standard modules. 

1 Introduction 

The Langlands program is concerned with representation theory and auto- 
morphic forms of algebraic (linear) groups. Suppose G is a nonlinear group, 
for example the metaplectic group Mp{2n), the nontrivial twofold cover of 
Sp{2n). It is well known that such groups play an important role in auto- 
morphic forms, although they don't fit into the formalism of the Langlands 
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program. The goal of this paper and of [3] is to extend some of the results 
of the Langlands program to certain nonlinear groups. 

Let G be the real points of a connected reductive algebraic group. Char- 
acters of admissible representations of G have been studied extensively, and 
the theory is reasonably complete. In particular if vr is a discrete series rep- 
resentation the character of vr is known explicitly [H]. The formula for 
G,r implicitly comes from the theory of transfer and endoscopy, originating 
in work of Shelstad and Langlands on the trace formula and automorphic 
forms. We would like to extend the theory of transfer of characters to non- 
linear groups. 

Suppose G is a nonlinear two-fold cover of G, i.e. G can not be realized as 
a subgroup of GL{n, C). Examples include the metaplectic group Mp{2n, M), 
the unique connected two- fold cover of Sp{2n,'R), and the twofold cover of 
GL[n,M.) of [18], [19]. There is substantial evidence that character theory 
for genuine representations of G (those which do not factor to G) may be 
reduced to that of a linear group. 

The case of GL{n) over any local field of characteristic zero has been 
studied by Kazhdan, Patterson and Flicker ([H], [S], [SO])- The general phi- 
losophy is spelled out in [21] . Some discussion of how to extend these ideas 
to general groups is given in [5], and this is carried out for G = Sp{2n, M) in 

Here is an outline of the approach. For now suppose G is the F-points of a 
connected, reductive algebraic group defined over a local field of characteristic 
0, and G is a nonlinear two-fold cover of G. Identify the kernel of the covering 
map p : G ^ G with ±1. We would like to relate genuine characters of G 
to characters of G. By character we mean the character of a representation, 
viewed as a function on the regular semisimple elements. 

The theory of endoscopy for G relates characters of G to characters of 
endoscopic groups of smaller semisimple rank. A key part of the theory is a 
relationship between semisimple conjugacy classes in G and H. 

Our theory is modelled on this, with G in place of G, and G playing 
the role of H. We define a relation on conjugacy classes as follows. For 
g E G define ip{g) = s{gY where s{g) G G satisfies p(g) = g. Then ip{g) 
is independent of the choice of s{g), and this induces a map from conjugacy 
classes of G to those of G. This idea goes back to |9]. 

Now suppose TT is an admissible representation of G, with character O^r 
viewed as a function on the (strongly) regular semisimple elements G' of G 
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(see Section [3]) . For g E G' define 

(1.1) r{e.){9)= Yl ®-(^)- 

{heG\-,p{h)=g} 

This is a conjugation invariant function on G'. One can ask wfietlier it is tlie 
cliaracter of a genuine representation tt of G. More generally it may be a vir- 
tual character, i.e. the character of a finite sum of irreducible representations 
with (possibly negative) integral coefficients. 

Although this definition is too naive for several reasons, we describe a 
basic property of characters which suggest it is at least a good first approx- 
imation. Suppose if is a Cartan subgroup of G, with inverse image H in 
G. Then H is not necessarily abelian, and we let Z{H) be its center. The 
fact that H is not abelian is a major reason why the representation theory 
of G at least appears to be more complicated than that of G. However, at 
least as far as character theory goes, the situation is actually very simple: the 
character of an admissible genuine representation of G satisfies Q^{g) = 
for g ^ Z{H) (Lemma 19.31) . It is easy to see that ip{H) C Z{H), of finite 
index, so at least from this point of view (11.11) is similar to the character of 
a genuine representation of G. 

An obvious shortcoming of (ll.ip is that it is not necessarily the case that 
ilj*(Q^)(—g) = —ilj*{Q^)(g), an obvious requirement if ip*{Q-„) is to be the 
character of a genuine representation. It would be better to define (j){h) = /i^, 
sum over h satisfying (f){h) = p{g), and modify the definition by some genuine 
function /i of G: 

(1.2) r(e.)(fi^)= Yl /^(5O0.W- 

{h&G\<l>ih)=pig)} 

We then need to choose appropriately. 

There are also some Weyl denominators to take into account. Suppose 
is a set of positive roots of H in G. For h E H one version of the Weyl 
denominator is \D{h)\^ = - a-\h))\\eP{h)\ (cf. (EH)). This is 

independent of and is well defined. The character of any representation 
has a particular form when muliplied by \D{h)\^; for the left hand side of 
(11.11) to have a chance of having this form we should multiply each term on 
the right by the quotient of Weyl denominators \D{h)\^ /\D(g)\2 . 
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Putting these two considerations together we look for a function A on 
G' X G' satisfying the following conditions: 

A{h,g) = unless p(g) = (f){h) 
(^3) \A{h,g)\ = \D{h)\^/\D{g)\i^ 

A{xhx^^ ,xgx^^) = A{h, g) {x G G,x = p(g)) 
A{h, -g) = -A{h,g). 

Given such a function we define 

(1.4) Liftg(e.)(fi^) = J2 HKmM- 

{h(^G\4>{h)=p{g)} 

Now Liftg(e^) is a conjugation invariant, genuine function on G, and is a 
reasonable candidate for the character of a virtual representation. The latter 
condition amounts to further conditions on A. If this holds, one can define 
Lift^(7r) to be the virtual representation of G whose character is equal to 
Lifti(e.): Q^^^a^^^=Uit%{Q^). 

For a version of this for covering groups of GL{n) see |20j . 

Formula (11.31) is analogous with the main character identity in the theory 
of endoscopy. For example see [25]. In that setting A is a transfer factor, and 
by analogy we use the same terminology here. As in the theory of endoscopy, 
correctly defining transfer factors is a difficult part of the theory. 

We now discuss another less obvious consideration which arises. Recall 
9,r is conjugation invariant: Qnig) = ^nid') if 9,9' £ G' and g' = xgx~^ for 
some X G G. Following Langlands and Shelstad we say vr and are stable 
if the following stronger condition holds: 07r(fi') = 07r(fi'') if 9,9' G G' and 
g' = xgx~^ for some x G G(¥). 

For GL{n) every conjugation invariant function is automatically stable, 
so stability plays no role in [8]|, [9] and [20j. 

For guidance we consider the case of G = Sp{2n,'R), G = Mp(2n, M), 
as discussed in [4]. Let G' = SO{n + l,n). In this case the map above 
is replaced by a bijection between (strongly) regular semisimple conjugacy 
classes in G and G' . Suppose tt is a stable representation of G' . The main 
result of [1] is that, for appropriate definition of the transfer factor A, if we 
define 

(1.5) Uii%{Q^)(g) = A{h,g)Q^{h) {4>{h) = p(g)) 
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then LiftQ,(0^) is the character of a genuine virtual representation of G. 

This suggests we should relate characters of G with stable characters of 
real forms of the dual group G'^(C). We expect the general theory to have this 
form. In this paper we restrict ourselves to simply laced groups. This avoids 
a number of technical complications, and the distinction between G(C) and 
G'^{G) is less critical. We may now state a special case of the main result. 

Theorem 1.6 (Theorem 119.11 and Corollary 119.111 ) Suppose G{C) is a 
connected, reductive, simply laced complex group, with real points G. We 
assume the derived group of G{C) is acceptable. Suppose G is a admissible 
cover ofG (cf. Section\^and Definition \3. Then we can define the transfer 
factorA{h,g) , satisfying (11.31) . such that for all stable admissible representa- 
tions IT of G, 

(1.7) Lifti(e.)(fl^) = J2 ^{Kg)QM 

{h&G\4>{h)=p(g)} 

is the character of a genuine virtual representation tt of G, or 0. We say tt 
is the lift of TT, and write tt = Lift^(7r). 

If IT is a stable sum of standard modules we compute LiftQ(7r) explicitly. 

We note that unlike the case of Mp{2n,M.), the role of stability is very 
subtle in the simply laced case. It appears in the proof of Theorem 114.11 see 
Remark [HJl 

Theorem 11.61 is formally similar to transfer in the setting of endoscopic 
groups. For example see [25l Lemma 4.2.4]. More precisely Lift^ is analogous 
to the simplest case of endoscopy: transfer from the quasisplit form Gqs of G 
to G [24j . As we will see below it is often possible to obtain a single irreducible 
representation of G as a lift, and there is no natural notion of stability for 
G. This suggests that in the simply laced case this is the only notion of 
lifting which is needed. We note that there is a useful notion of stability 
for Mp{2n,R) ^j, and David Renard has defined a family of "endoscopic 
groups" for Mp{2n,'R) and proved lifting results for them [23]. We believe 
this is the only situation in which this is either necessary or possible. We 
plan to return to the two root length case in another paper. 

Example 1.8 Let G = SL{2,M.) and let G be the unique non-trivial two 
folder cover of G. Let 5 be a Borel subgroup of G and write B = AN with 
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A ~ M^. For (5 = ±1 and u E C define a character x of by x(— 1) = S 
and = foi' 2; G M^. Let 7r(5, z/) be the corresponding principal series 
representation of G, i.e. Ind^jv(x ® 1) (normalized induction). 

Now let A be the inverse image of A in G. Then yl ~ U iM^. We may 
identify the inverse image of N with A^, and let B = AN. For e G ±1 and 
7 G C define = and = x'^ for x G M^. Let 7r(e, 7) be the genuine 

principal series representation Ind~(x® 1) of G. 

Let TT = 7r((5, z^). It is easy to see that Lift^(G7r) = if 5 = —1. If 
(5 = 1 then by an easy calculation (see Section [TTj) . using the transfer factor 
of Section [5] we see 

(L9) Liftg(7r(l, u)) = z//2) © n{-l, z//2). 

Note that the image of restricted to A is A^, and the character of this Lift 
is on p-^{-A^) = 

This example illustrates several features. In this example computing 
Liftg(7r) essentially reduces to computing Lift^(x)- This is a special case 
of the general situation. 

Note that 7r(±l,z//2) have different central characters (the center of G 

is Z(G) ^ Z/4Z), so Liftg(7r(l, z/)) does not have a central character. Also 
note that this character is supported on A^, which is a proper subgroup of 
Z{A). 

A hint that Theorem 11.61 is not the best result possible is seen by consid- 
ering the preceding example from another point of view. View SL{2,M.) as 
Sp{2, M), and apply In this case G' = SO {2, 1). There are two principal 
series representations 7r(±l,z/) of 5*0(2,1) analogous to those described for 
51.(2, R). Writing Cift for the lifting of [1] we see 

(1.10) £z/tfjg«(7r(±l, ^)) = ^(±1, 

See jU Proposition 15.10]. Thus we may obtain each principal series repre- 
sentation 7f(±l, u) of 5'L(2,R), rather than just their sum as in (11.91) . 

Note that S0{2, 1) is isomorphic to PSL{2, M), the real points oiPSL{2, C) 
(also denoted PGL(2,R)). This is the real form of the adjoint group, and 
suggests it should be possible to generalize lifting of (11. 5p to allow G to be 
replaced with a real form of a quotient of G'(C) (without changing G). We 
revisit the previous example from this point of view. 
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Example 1.11 Let G(C) = SL{2,C) and 



G(C) = PSL{2, C) = SL{2, C)/ ± /. 

L_et G = SL{2, R) and let G = PSL{2, R) be the real points of G(C). Recall 
G~ PG'L(2,M) ~ 50(2,1). _ 

We define an orbit correspondence between G and G as follows. For 
g E G choose an inverse image s{g) of g in G(C), and let (p^g) = s{g)'^. This 
is independent of the choice of s{g), and (t>{g) G SL{2,M.). 

Let A{C) = {_diag(2, l/z)} C G{C), and let A(C) be itsjmage in G{C). 
Then A(C) and A{C) are defined over M, and let A = A(R),A = A{R). Both 
A and A are isomorphic to R^ . Note that while the map A{C) A{C) is 
surjective, the restriction A{R) A{R) is not. 

Write diag(2;, ^) for the image of diag(2;, ^) in A{C). Let g = diag(x, ^) C 
A with X G M^. Then 0((yf) = diag(x^, ^) G v4°. However suppose y G 
and let g = diag{iy, j^) G A. Then 0(5f) = diag(— y^, — p-)- Therefore (unlike 
in Example II. 8p (p maps A onto A. 

This suggests that if we develop a similar lifting theory from G to G, then 
the lift of a principal series representation will have support on all of A. In 
fact this is the case: we can define Lift^. We recover fll.lOp from this point 
of view (the difference between i> and i//2 on the right hand side is an issue 
of normalization): 

(1.12) Lift§(7f(±l, z/)) = n{±l, Z//2). 

Motivated by this example, we generalize (11.51) as follows. Let G(C) be 
our given complex group, with real points G and nonlinear cover G. Suppose 
C C Z{G) is a two group and let G{C) = G{C)/C, with real points G. For 
g G G define (f){g) = s{g)'^ where s{g) is an inverse image of g in G'(C). 
The fact that C is a two-group implies (j){g) G G, and this is independent 
of the choice of s{g). It is not necessarily the case that induces a map on 
conjugacy classes; however it does define a map on stable conjugacy classes, 
which is consistent with our application. 

We need to make several technical assumptions on C (Definition 13. lip : 
C = 1 is allowed. Under these assumptions we can define the transfer factor 
A(h,g) on G' X G and define the lift Lift^(7r) of a stable representation of G 
as in (11. 5p . See Definition 19.101 
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Now suppose if is a Cartan subgroup of G, with inverse image H in G 
and corresponding subgroup H C G. Our assumptions on G imply (j){H) C 
p{Z{H)), which is necessary to have a meaningful theory. As in the preceding 

examples, if this image is large then Lift^(7r) will have fewer terms in its sum. 
This is desirable; it would be nice to have only one term in the sum. Taking 
G larger makes this image larger, so we would like to take G as large as 
possible. An optimal choice would be to choose G so that = p{Z{H)) 

for all Cartan subgroups, in which case each Lift would consist of a single 
term. This is not possible in general. See Example I3.16[ 

The proofs follow the same general outline as those of [1]. A hard part 
of the theory is the definition of transfer factors. Once transfer factors and 
lifting are defined we first show that the lift of a stable invariant eigendistri- 
bution is an invariant eigendistribution. This requires checking that lifting 
respects the Hirai matching conditions, and it is here that stability plays a 
crucial role. Once this is done it is fairly easy to compute the lift of a stable 
sum of discrete series representations. It is also straightforward to prove that 
lifting commutes with parabolic induction. This enables us to compute the 
lift of any stable sum of standard modules. In principal, giving the Kazhdan- 
Lusztig-Vogan polynomials for G and G, we may then compute the Lift of 
any stable virtual representation of G. 

Here is an outline of the contents of the paper. 

In Section [2] we make some basic definitions and establish some notation. 
Admissible triples (G, G, G) are defined in Section [3l Such a set consists of 
a nonlinear group G, a linear group G, and the real form G of a quotient 
of G(C), satisfying certain assumptions. Section [3] also contains a discussion 
of some basic structural facts about Cartan subgroups, and defines the or- 
bit correspondence (p. Section H] recalls some standard facts about Cartan 
subgroups and Cayley transforms, and generalizes them to nonlinear groups. 
Cayley transforms are an important tool in the theory. 

The basic, and most important case, that of the real points of a semisim- 
ple, simply connected complex group, is discussed in Section [51 The transfer 
factors are canonical in this case, have a simple form, and this case provides 
guidance for the general theory. We recommmend the reader restrict to this 
case the first time through. 

Sections [6] and [7] are technically the most difficult. Section [6] defines cer- 
tain characters of Cartan subgroups and their application to transfer factors. 
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Transfer factors are defined in Section [71 Some constants associated to Car- 
tan subgroups are defined and studied in Section [HI 

With transfer factors in place we define lifting and study its basic prop- 
erties in Section [9] The case of tori, which is both a good example and an 
important special case, is discussed in Section [TOl Minimal principal series 
of split groups are covered in Section [TT], and discrete series on the compact 
Cartan in Section [T21 Section [T3] summarizes some material about invariant 
eigendistributions which we will need. Some details of an extension of Hirai's 
results which we need are in the Appendix (Section [20l) : this is work of the 
second author. 

In Section [HI we use the results of Section [12] to prove that the lift of a 
stable invariant eigendistribution in an invariant eigendistribution. 

We prove that lifting commutes with parabolic induction in Section [151 
Modified character data appropriate to our setting is defined in Section [161 
This is a (mild) modification of character data and the Langlands classifica- 
tion due to Vogan [26]. Formal lifting of (modified) character data is defined 
in Section [T71 This essentially comes down to lifting applied to a Cartan 
subgroup. 

We compute the lifting of stable discrete series representations in Section 
[T8| and of general standard modules in Section [T9l 

These results are closely related to duality of representations, also known 
as Vogan duality, introduced in [27j. Duality for nonlinear covers of simply 
laced groups is discussed in a paper by Peter Trapa and the first author [3]. 
These two results grew up together, and we thank Peter Trapa for many 
helpful discussions. 

2 Some Notation 

A simple root system is said to be simply laced if all roots have the same 
length, and an arbitrary root system is simply laced if this holds for each 
simple factor. More succinctly a root system is simply laced if whenever a, f3 
are non-proportional roots then = 0, ±1. We adopt the convention 

that in this case all roots are long. 

We say a root system is oddly laced if whenever a, (3 are non- proportional 
roots then (a, jS"^) = or is odd. Thus oddly laced is shorthand for each simple 
factor is simply laced or of type G2- We also adopt the convention that in 
type G2 all roots are long. The reason for these conventions is Lemma 13.21 
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The main results in this paper hold for oddly laced groups, although (with 
the general case in mind) we will only make this assumption when necessary. 

Suppose G{C) is a connected, reductive complex Lie group. Let Gad(C) 
be the adjoint group. If G(C) is defined over R let G be its real points, and 
let Gad be the real points of Gad(C). Write int(5') for the action of Gad('C) 
on G{C), or Gad on G. 

Let Gd(C) be the derived group of G(C), and let Gd be the derived group 



of G. Note that by (2.8)(b) Gd is the identity component of the real points 
of Gd{C). 

We denote real Lie algebras by Gothic letters f), g, t, . . . , and their com- 
plexifications by [)(C), g(C), t(C), .... We write a for the action of the non- 
trivial element of the Galois group on 0(C) and G(C), so g = g(C)'^ and 
G{R) = GiCy. 

Fix a Cartan involution 6 of G(C), i.e. K = G^ is a maximal compact 
subgroup of G. Unless otherwise noted all Cartan subgroups of G or G(C) 
are assumed to be 6'-stable. Let if be a (6'-stable) Cartan subgroup of G, 
with complexification H{C). Write f) = t © a as usual, and H = TA with 
T = HnKandA = exp(a). Let $ = <I>(G, H) be the root system of H{C) 
in G(C). Let W{G,H) = NoTmG{H)/H; this is the real Weyl group. It 
is a subgroup of the absolute Weyl group W = W{G{C), H{C)) which is 
isomorphic to the Weyl group of $. The Cartan involution 6 acts on W, and 
W{G,H) C W^^. 

Note a{a) = —6{a) for all a G $. Roots are classified as real, imaginary, 
complex, or compact as in [26]. Write $ = $r U U $cz accordingly; note 
that $r and $j are root systems. We also have the decomposition of $j = 
$j,c U into compact and noncompact roots; $i^c is a root system. If 
is a set of positive roots, write $^ = fl and similarly. Let 

p = p{^~^) = I X]ae#+ usual, and define pr,Pi and pcx similarly, so 

P = Pr+ Pi + Pcx- 

We say G(C) is acceptable if p exponentiates to a character of H{C). 
An important role is played by certain sets of positive roots: 



Definition 2.1 A set of positive roots is said to be special if 
or equivalently a {a) > for all positive non-imaginary roots. 

Let 

(2.2) T{H) = exp(ia) HH = {exp(iX) | X e a, exp(2iX) = 1}. 



+ 1 
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An important role is played by a certain character of r(i?). Let S he a set 
of complex roots such that the set of all complex roots is {±q;, ±aa \ a e S}. 
Define 

(2.3) Ccx(G,//)(/i) = ne"W (her{H)). 



If G, H are understood we let Qx — Ccx{G: H). It is elementary to see that 
Ccx is independent of the choice of S, factors to Gad, and for all h e r(if) 
satisfies 

(2.4)(a) Ccx(/i) = Ccx(«^/i) {weW{G,H)) 

(2.4) (b) Ccx(/i) = e''-(/i) = e^-'"-(/i) 

for any special set of positive roots. For (b) note that if is a special set 
of positive roots and S C $^ is as above, then for X G a(C) 

(2.5) p^{X) = (p-p,)(X) = J]a(X), 

and it follows that e'''^^ (exp(X)) = e^"''''(exp(X)) = e^"'^'^-^^ is a well-defined 
character of A(C). 

For q; e let = q;^(— 1) = exp(7riQ;^) and define 



(2.6) Vr{H) = (me, I a e c r(//) n (7°. 
It is well known that 

(2.7) H = T{H)H^, HnG^ ^ Tr{H)H^. 

It is also well known that if Hg is a maximally split Cartan subgroup of G 
then 

(2.8) (a) G^H,G\ 
and this implies 

(2.8) (b) Ga = Gl 
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3 Admissible Triples 



Fix G as in Section [2] and suppose p : G — G is a two-fold cover. We identify 
the kernel of p with ±1. 

If if is a subgroup of G we let H = p^^{H). Let Z{H) be the center of H 
and let Zo{H) = p{Z{H)). It is immediate that Z{H) = p^^{Zq{H)), so to 
describe Z{H) it is enough to describe Zq{H). In particular Zq{G) C Z{G) 
plays an important role; it is immediate that Zq{G) = Z{G) if G is connected 

(cf. dOD). 

Suppose if is a Cartan subgroup of G. Typically H is not abelian and 
Zq{H) plays an important role. It is easy to see 

(3.1) C Zq{H) C H. 

Fix a real or imaginary root a. Associated to a is the root subgroup Ma, 
which is locally isomorphic to SL{2,Wj or SU{2). As in [3[ Definition 3.2] 
we say a is metaplectic if p~^{Ma) is a nonlinear group. If Ma is compact 
it has no such cover, nor does SL{2,M.)/ ± 1, so if a is metaplectic then 
Ma — SL{2,'R) and a is either real or noncompact imaginary. 

Let rha be an inverse image of m„ in G. It is easy to see that rha has 
order 4 if a is metaplectic, and 1 or 2 otherwise. For the next Lemma see [6] 
or |3l Lemma 3.3]. 

Lemma 3.2 Assume G(C) is simple and simply connected and that G is 
nonlinear. Fix a Cartan subgroup HofG. Then a real or imaginary root a of 
H{C) in G{C) is metaplectic if and only if a is long and is real or noncompact 
imaginary. Furthermore G admits a nonlinear cover if and only if there is a 
Cartan subgroup H with a long real or long noncompact imaginary root. If 
this condition holds the nonlinear two-fold cover is unique up to isomorphism. 

It is enough to check this condition on a fundamental or maximally split 
Cartan subgroup. If G is oddly laced it is enough to check this condition on 
any Cartan subgroup. 

Definition 3.3 We say that p : G ^ G is an admissible two-fold cover if 
for every 9-stable Cartan subgroup H , every long real or long noncompact 
imaginary root is metaplectic. ^ 

Equivalently G is admissible if and only if Gi is nonlinear for every simple 
factor Gi of G which admits such a cover. 
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See [21 Definition 3.4]). 



Example 3.4 Let G = 1). This has three non-trivial two-fold covers, 
described by their restriction to T ~ the diagonal maximal compact 

subgroup. The cover of T is a connected torus T, and is best described by 
its character lattice. Write the character lattice X*{T) as 7? in the usual 
coordinates. The three covers are given by X*{T) = |Z © Z, Z © |Z, or 

Z2u(Z+i)2. 

The derived group is SU{1,1) ~ SL{2,M.), which has a unique non- 
trivial two-fold cover. The first two covers of f/(l,l) restrict non-trivially 
to SU{1,1), and are therefore admissible. The third one is trivial when 
restricted to SU{1, 1) (it is the V det cover), and is not admissible. 

As discussed in the Introduction we are going to lift characters from a 
real form of a quotient of G{C). We need to impose some conditions on this 
quotient. This will take up the remainder of this section. 

Suppose C is a finite subgroup of Z{G). Then G(C) = G{C)/C is defined 
over M, and let G be its real points. Write p : G{C) — > G(C) for the projection 
map. Let Orb(G') be the conjugacy classes of G. If g,g' E G are conjugate 
by G(C) we say g,g' are stably conjugate, and let Orb'**(G) be the set of 
stable conjugacy classes. (This is a naive definition, which agrees with the 
usual one for strongly regular semisimple elements.) Similar notation applies 
to other groups. 

For g E G let 0{G,g) be the conjugacy class of g, and O'^^iG^g) = 
{xgx^^ I X G G{C),xgx^^ G G} the stable conjugacy class. Similar notation 
applies to other groups. 

Definition 3.5 Assume C is a two-group. Fork G G let (f){h) = s{hY where 
s : G(C) G{C) is any section. 

Lemma 3.6 The map cj) is well defined, and satisfies: 

1. 0(G) C G and(j)(G°) C G^, 

2. (j) induces a map Orb{G ) Orb{G^), 

3. induces a map OrV^{G) OrW\G). 
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Proof. Since C is a two-group it is immediate that is independent of 
the choice of s. 

Suppose h E G,g E G(C), and p{g) = h. Then p{cr{g)) = (7{p{g)) = p{g), 
so a{g) = zg for some z E C. Since C is a two-group c^gY = g"^, so 
= g"^ E G. Furthermore since p : ^ G is surjective the second 
assertion in (1) is clear. 

Define 

(3.7) 0(O(G°,^7)) = O(G°,0(^7)) igeG"). 

If X G (7° choose y E G^ with p{y) = x. Then cjy^xgx"^) = y(j){g)y~^ so this 
is well defined, proving (2). Similarly define 

(3.8) (l>{0'\G,g)) = 0^\G,<p{g)) {g eG). 

Suppose X G G'(C) and xgx~^ G G. Choose y G G'(C) with piij) = x. Then 
(f){xgx^^) = y4>{g)y~^, so again (f) is well-defined. □ 

It is worth noting that (p does not define a map Orb(G) Orb(G'). 
Suppose we try to define (l){0{G,g)) = 0{G,(j){g)) as in fl3.7p . For this to 
be well defined we need to know that for x G G, (f){xgx~^) is G-conjugate 
to 4>{g). This is true if x G p{G), but not in general. (By (3) (j){g) is stably 
conjugate to (f){xgx^^)). 

Example 3.9 Let G = SL{2,R) and G = PSL{2,R) ~ 50(2,1) (cf. Ex- 
ample [Mil). Let t{e) = diag(t'(^), 1) G 50(2, 1) (with the appropriate form) 

where t'{9) = (^^^^^^^q^ cosfJ)) ^ '^^(2,M). Then just as in Example [Ln] 

(f){t{6)) = t'{6). However while t{6) is conjugate to t{—9), t'{9) is not con- 
jugate to t'{-9) (for generic 9). Therefore the map (p{0{SO{2,l),t{9)) = 
0{SL{2,R),t'{9)) is not well defined. 

We assume throughout this paper that O is a two-group (and therefore 
finite). 

Now fix a Cartan subgroup H oi G, and let H{C) = H{C)/G C G(C), 
with real points H. We define (p '■ H{C) —>■ H{C) by the same formula as in 
Definition 13. 5[ Equivalently, if we write exp : [)(C) H{C), exp : P)(C) — *• 
Hie), then for X G f)(C), 0(exp(X)) = exp(2X). It is immediate that 

(3.10) a{(p{h)) = a{hY (for all a G $). 
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Lemma 3.11 The homomorphism : H{C) — » H{C) has the following 
properties. 

1. <j)[wh) = w(t){h) for all w G h G H{C), 

2. (f)(lf) = ijo , 

3. 4>{h) = 1 for all h G r^(^), 

4. (f)(HnG°) = H° , 

5. <P{V(H)) = V{H) n C, 

6. <p(H) = (r{H)nc)H^. 

Proof. The first two are clear from the definition. For (3) note that 
0(exp(7r2a^)) = exp(27ria;^) = 1 for all a G Then (4) follows since 

HnG° = rr(H)lf (cf. Q. 

Let h = expliX) G T{H) where X G o with exp{2iX) = 1. Now (p^h) = 
exp{2iX) G exp(za). But p{(t){h)) = exp{2iX) = 1 so that (f){h) G C fl 
exp(ia) C T{H) n C. Conversely, let zg = exp{iY) G C n r{H) where Yea 
with exp{2iY) = 1. Since zg G C, p{zg) = exp{iY) = 1. Let z = exp{iY/2). 
Then z G r(if) and (j){z) = zg- Finally (6) follows since H = r{H)H . □ 

It is a standard fact that the character of an irreducible genuine repre- 
sentation of G, considered as a function on the regular semisimple elements, 
vanishes off of Z{H) (Lemma l9.3p . Our character identities involve the image 
of in H, so we would like to know that 4>{H) C Zo{H), with image as large 
as possible. 

Recall G C Z{G). We first show that we may as well assume G C Zo{G). 

Let Hs be a maximally split Cartan subgroup of G, and assume (piHg) C 
Zo{Hs). Let Gs =J^iHs) n G sojhat by LemmaJTH C.ifO =j(Hs) C 
Zo{Hs). Therefore Gg centralizes Hs, and by ( 14. Sp Gg centralizes G'^. There- 



fore Gs centralizes which equals G by (2.8) (a). Therefore Gs C Zq{G). 

Now for a general Cartan subgroup H = TA, there is a maximally split 
Cartan Hg = TgAg so that A C A^. Then T{H) C r(ifj, so that (f)(H) = 
{G nr {H))H^ = {Gsp T{H))H'^. That is, if we use in place of G we have 
the same images (f){H) for every Cartan subgroup H. Thus we may as well 
assume that G C Zo{G). 
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Lemma 3.12 Assume that C C Zq{G). Then for every Cartan subgroup 
HTiH)) c Zq{G) and (j)(H) C Zo{H). Furthermore (j){Z(G)) C Zo{G). 

Proof. The first part follows from the above discussion. Let Hg be a max- 
imally split Cartan subgroup with roots $. Let z G Z{G) C Hs,z G Z{Hs) 
such that p(F) = (f){z). Then for every a G $, 

a(z) = a{(f){z)) = ai^z)"^ = 1 

by flXTUD . Thus z e Centg(G°) n Z{Hs) = Z{G) as above. □ 

To reiterate, so far we have assumed C is a (finite) subgroup of Zq{G), 
and z"^ = 1 for all 2 G C. For the definition of transfer factors we need to 
impose a further technical condition on C. 

Suppose X is a genuine character of Z{G). Then factors to a character 
of Zq{G). Suppose z G Zq{G) has order 2 and p(z) = z. Then z has order 2 
or 4 and x^{z) = 1 or —1 accordingly, independent of x- Assume that Gd{C) 
is acceptable. 

Let 

(3.13) C2{z)=x\z)e''{z) zeZo{G)nGd,z^ = l. 

This is well defined since Gd is acceptable, and is independent of the 
choices of x, H and 

Definition 3.14 An admissible triple is a set {G,G,G) where: 

1. G is the set of real points of a connected reductive complex Lie group 
G(C) such that the derived group Gd{C) is acceptable, with oddly laced 
root system i. e. each simple factor is simply laced or G2 ( cf. Section 

2. p : G ^ G is an admissible two-fold cover (Definition Vj. 

3. G is the set of real points of G(C) = G{C)/G where C is a finite 
subgroup of Z{G) satisfying the following conditions: 

(a) = 1 for all cE G , 

(b) G (ZZ,{G)=p{Z{G)), 

(c) C2(z) = 1 for all z eG r} Gd (cf. ISl^) . 
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For example if G and G satisfy (1) and (2) then {G, G, G) is an admissible 
triple. 

More generally, suppose G and G satisfy conditions (1) and (2). Then 
(G, G, G) is an admissible triple for G(C) = G(C)/G for any subgroup G 
satisfying conditions (3)(a-c). We may take G = 1; by Lemma [3. 11( 6) taking 
G bigger makes (p{H) C Zq{H) bigger, and in general, we get the best lifting 
results when we take G as large as possible. However, even if we take G as 
large as possible for G, it may not be the maximal choice for Levi subgroups 
of G. Thus we do not specify G beyond the requirements of Definition 13.141 

Assume that (G, G, G) is an admissible triple. Let H = TA be a Cartan 
subgroup of G. Let M = CentG(^) be a cuspidal Levi subgroup. Then 
M C G and M = Cent(j(A) C G are also cuspidal Levi subgroups. We will 
show in Section [15] that (M, M, M) is also an admissible triple. Thus our 
constructions are compatible with parabolic induction. 

The following lemma, which is an immediate consequence of fl6.2ip is 
useful for producing admissible triples. 

Lemma 3.15 Let H be a maximally split Cartan subgroup of G. Then 
(2(c) = 1 for all c G Zo(G) H r,(iJ). 

Lemma 3.16 Suppose that G(C) is simple and simply connected, and let H 
be a maximally split Cartan subgroup of G. Then we can choose C so that 
4>{H) = Zo{H) except when G = SU{n,n) where n is even, G = Spin{p,q) 
where p and q are even with p > q >2 or when G = Spin* (2n) where n = 
mod 4- 

Proof. 

Clearly if Zq{H) is connected we can take G = {1}. We will prove in (4.4) 
and Proposition 14. 71 that Zq{H) = Zq{G)H^ = Z{G)H^ since G is connected. 
But since H = Tr{H)H^ where Tr{H) is a two group, it is easy to see that 
Z{G)H^ = Z(,{G)H^ where Zf.{G) is the group of elements in Z(G) with even 
order. Thus Zq{H) is connected when Z^^G) = {1}. This will be the case 
for all real forms when $ is of type A2n, Eq,Es, or G2. Thus we may as well 
assume that $ is type A2n-i,Dn, or Ej. In these cases Ze{G) = Z{G). We 
may also assume that G is a real form such that Zq{H) = Z[G)H^ is not 
connected. In particular, we can assume that G is not compact or complex. 
Suppose that Z{G) C Tr{H). Then Z{G) is a two-group, and by Lemma 
Km we can take G = Z{G), giving us (piH) = Z{G)H° = Zo{H) as desired. 
This will always be the case if G is the split real form. 
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Suppose that $ is of type A2n-i- Then G is spht or H is connected 
unless G = SU{n,n). In this case Zq{H) = H has two components. Now 
Z{G) =< z > is cychc of order 2n and zq = z"' & ^r{H) is the unique element 
of order two. Thus the biggest C we can take is C = {1, zq}- When n is odd, 
zo ^ so that (p{H) = CH^ = H, but when n is even, zq e so that 
4>{H) = CH^ = is a proper subgroup of Zq{H). 

Suppose that $ is of type Dn. Let G = Spin{p, q) with p > q. Then G is 
split or H is connected unless p > q > 2. If p,q are odd, then Z{G) = Z2 G 
Tr{H). If p,q are even, then Z{G) = {1,2:0,-21,-20-21} where ,20 G Tr{H), but 
zi ^ T{H). Thus the biggest C we can take is C = {l,-2o}. But zi ^ GH^ 
so that GH^ is a proper subgroup of Zq{H). 

Let G = Spin*{2n). If n is odd H is connected, so assume n = 2k. Then 
Z{G) = {1, 2:0, 2:1, 2:0^1} as above where zi G Tr{H), but zq ^ r(i7) so the 
biggest G we can take is C = {l,zi}. If k is even, then zq ^ GH^ while 
2:0 G Cif° when k is odd. 

Finally, if $ = E^, then either G is split or Zq[H) is connected. □ 



Example 3.17 Let H = TA be a maximally split Cartan subgroup of G. 
By Lemma 13.161 it is not always possible to pick G satisfying the conditions 
of Definition [XH such that (f)(H) = Zo{H). Let M = CentdA). Here we 
show it is possible to pick a finite central subgroup Gm of M satisfying the 
conditions of Definition 13.141 for M such that (f){H) = Zq{H) where is 
defined using M(C) = M{C)/Gm- 

Recall H = T{H)H°, so H = T{H)H^ and Z{H) = Z{T{H))H°. Then 
Zq{H) = Zq{T{H))H^ , and since T{H) is a two-group there exists Gm C. 
ZoIt{H)) such that Gm n = {1} and Zo{H) = GmH^- We have to show 
Gm satisfies the conditions of Definition 13.14( 3). Condition (a) is obvious, 
and since M = HM° = T{H)H°M° it follows easily that Zo{T{H)) C Zo{M), 
which is (b). Finally Gm ^ Ma C Gm ^ H° = {1}, giving (c). 



4 Cartan Subgroups and Cayley Transforms 

We need some structural facts about Cartan subgroups. We first define 
commutators on G with respect to an admissible cover G. 

Assume for the moment that G'd(C) is simply connected and r is an 



automorphism of G. Then r stabilizes Gd = G^ (cf. (2.8)(b)) and by Lemma 



it lifts uniquely to an automorphism r of the (unique) admissible cover 
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Gd of Gd- Suppose g E Gd and T{g) = g. Choose an inverse image g of g and 
set 



(4.1) {r,g} 



T 



-1 



Then p{{T,g}) = 1 so {T,g} = ±1. It is independent of the choice of g. 

We now drop the assumption that Gd{C) is simply connected, but suppose 
that G is an admissible cover of G. Suppose g, h are commuting elements of 
G. Choose inverse images g,h of g,h in G and define 

(4.2) {g,h} = ghg-'h~'. 

Since p(ghg'^h'~^) = ghg^^h^^ = 1, {g, h} = ±1, independent of the choices. 
We say {g, h} is the commutator of g, h (with respect to the cover G). It is 
continuous in each factor so 

(4.3) {Z{G),G'} = 1. 
Note that this implies 

(4.4) Z{G) = Z{G) if G is connected. 

In general we only have Z{G) C Z{G), for example if G is a torus and G is 
nonabelian. 

Suppose a G ^{G,H) is a long real root. Let Ma be as in Section O 
By Lemma 13.21 a is metaplectic, and by the discussion at the beginning of 
Section [3l Ma — SL{2,W). Let r be an automorphism of Gd satisfying 
t{H nGd) = H nGd and r(a) = a. Then T{Ma) = Ma, so for g e Ma 
define {r, g} by fl4.ll) applied to Ma ■ Let Tq, ~ S*^ be a r-stable compact 
Cartan subgroup of Ma- Then for all t G Tq,, r(t) = t or . Recall 
ma = a^'i-l) e Z{Ma). 

For the next result we do not need to assume G is oddly laced. 

Proposition 4.5 Suppose a is a long real root. Then 

1 ; - ■ v-y = ^ for allt G Ta 
(4.6)(a) {T,ma} = '{ ^ 

= t /or allt E la 




19 



For all h e H, 



(4.6)(b) {h,ma} = sgn{a{h)). 

If(3e ^r{G,H) then 

(4.6)(c) {m«,m^} = (-l)<"''3'\ 

Proof. We can compute T{ma) by working in Tq,. If r acts trivially on 
then the same holds for the action of r on Tq, and {r, ma} = 1. Suppose 
r(t) = for all t G T^. Then r(t) = for all t G Tq,. Let mo be an 
inverse image of in Tq,. Then {r, mo} = m~^. Since a is metaplectic fha 
has order 4 (see Section [3]) and = — 1. This gives (a). 

It is a standard fact (essentially a calculation in GL(2,M)) that for all 
h e H,t eT^, hth-^ = This proves (b), and (c) follows from this 

and the identity a(m^) = (— 1)^°'^^^ □ 

The following result is of fundamental importance, and does not hold in 
the two root length case (for example for Sp{2n, '. 



Proposition 4.7 Assume G is oddly laced. Then 
(4.8) Z{H) = Z{G)JP 

We first prove 
Lemma 4.9 In the setting of the Proposition we have 
(4.10) Z{H) C Z{G)JP. 

Proof. It is enough to show if /i G if and {/;,, nia} = 1 for all real roots 
a then h G Z{G)H^. (This is where the oddly laced condition appears: 



otherwise we only have this identity for the long real roots.) By (4.6) (b) it 
is enough to show 

(4.11) a{h) > for all a G ^riG, H) implies h G Z{G)H^ 

This is a straightforward calculation using roots and weights. Choose a basis 
of the root lattice of the form 

Oil, • • • 5 O^m; • • • ; '^im+n; • • • 0!m+n+2r 
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where ctj is real for 1 < i < m, imaginary for m + l<i<m + n, and 
9(ym+n+2i-i = — ttm+n+2i for all 1 < 2 < r. It is a basic fact about lattices 
that such a basis exists. Let A^, . . . , X^^n+2r be the dual basis of coweights. 
For each i choose G C so that e^^ = ai{h). If i < m we may assume 
G M since ai{h) > 0. We may also assume Xm+n+2i = 'Xm+n+2i-i for all 
1 < i < r. Let X = Xli^i-^o ~ exp(X). It follows easily that X G 1), 
hi G and a{h) = a{hi) for all roots a. Let z = hh^^; this is contained 
in G, and also Z{G{C)), since a{z) = 1 for all roots a. Therefore z G Z{G), 
and h = zhiE Z{G)H^. □ 

Proof of the Proposition. The statement is equivalent to 
(4.12) Zo{H) = Zo{G)H'^. 

It is enough to show Zq{H) C Zq{G)H^ (the reverse inclusion is obvious). We 
first prove this assuming is a maximally split Cartan subgroup. Suppose 
h G Zq{H). By the Lemma h = zy with z G Z{G), y G Then y G ^o(^^), 
so z = hy^^ G Zq{H). It is enough to show 2; G Zq{G). We have = 1 

for all g E H, and also for (7 G G"^ by (14. 3p . Since H is maximally split 
G = HG°, so ze Zo{G). 

The general case will be proved after Lemma I4.25[ using Cayley trans- 
forms. □ 



Suppose is a Cartan subgroup and a is a real or noncompact imaginary 
root. We define the Cayley transform Ha of H with respect to a as in [221 
§11.15]; also see [26l Proposition 8.3.4 and 8.3.8]. Then Ha has a noncompact 
imaginary or real root /?, and the Cayley transform of H^ with respect to f3 
is H. 

In order to emphasize the symmetry of the situation we change notation 
and let Ha = TaAa be a Cartan subgroup with a real root a. Then we let 
Hjs = TpAp be its Cayley transform, with noncompact imaginary root (3. 

Define Zq, G p and G as in [26], Proposition 8.3.4 and 8.3.8], and let 
Ba = exp{RZa) ~ M+ C Ha, and Bp = exp(MZ^) ~ 5^ C Hp. It follows 
easily from [26. 8.3.4 and 8.3.13] that we have 

(4. 13) (a) {Ha n Hp)Ba C Ha index 1 or 2 

(4.13)(b) {HanHp)Bp = Hp. 
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The root a takes positive real values on {Ha H Hp)Ba- We say a is type I if 
inclusion (a) is an equality. Otherwise a is of type II, in which case is 
generated by the left hand side and an element t satisfying a{t) = —1. 

We say P is type / if s/j ^ W{G, Hp), and type II otherwise. Then a, (3 
are both of type / or both of type //. 

There is an element g G Gad{'^) so that if c = A(l{g), c* = Ad* ((7) then 

(4. 14) (a) c centralizes [)„(C) n [)^(C) 

(4.14)(b) c([)^(C)) = [)„(C) 

(4.14)(c) c*{a)=(3. 

Note that any c satisfying (a) and (b) satisfies c*(a) = ±/5. 

Definition 4.15 Suppose Xa is a character of Ha, and xp is a character of 
Hp. We say Xa is a Cayley transform of xp, o,'>T'd vice-versa, if 

(4. 16) (a) Xa{h) = xp{h) (heHan Hp) 

(4.16)(b) Ad*{c){dxa) = dxp. 

where c G GadiC) satisfies (14.141) ('g-c). 

Here is a convenient alternative characterization of Cayley transforms, 
which does not refer to the element c. The proof is elementary. 

Lemma 4.17 In the setting of the Definition, Xa is a Cayley transform of 
Xp, and vice versa, if and only if (4.16)(a) holds, and 

(4.18) {dxe.,a'') = {dxp,P''). 

Remark 4.19 In the definition of Cayley transform we are allowed to re- 
place a and (3 with their negatives. This does not affect the Cartan sub- 
groups. Suppose Xi3 is the Cayley transform of Xa with respect to {a,/?}. 
Then the Cayley transform of Xa with respect to {a, — /?} is sp^X/s), as is 
clear from the preceding Lemma. Similar commments apply to a. 

Lemma 4.20 Fix a and (3. 

(1) Fix a character Xa of Ha- There is a Cayley transform xp of Xa if ond 
only if 

(4.21) {dXo..a')eZ 
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and 

(4.22) Xaim^) = 



Assume these hold. Then the Cayley transform of Xa is given by (4.16)(a) 
and 

(4.23) Xf^{exp{xZf,)) = e^^^^'^"")^. 

(2) Fix a character xp of Hp. There are one or two choices of Cayley trans- 
form Xa of X/3; given as follows. Define Xa restricted to {Ha H Hp)Ba by 
( |4.16)(aD , and 

(4.24) Xa(exp(xZ«)) = e<'^^^''^''>". 

If (3 is of type I this defines the character Xa of Ha- If P is of type II define 
Xa to be the two extensions of Xa to Ha. 

Sketch of proof. This is elementary from the identities f2E[ 8.3.4 and 
8.3.13]. See [26l Lemma 8.3.7 and 8.3.15], where the setting is a regular 
character and the construction differs from this one by a p-shift. For this 
reason the proof of the Lemma is in fact much easier than those in |26]. □ 



We now consider Cayley transforms for G in the oddly laced case. The 
analogue of (14.131) is: 

Lemma 4.25 Assume G is oddly laced and G is an admissible cover of G. 
Then 

(4.26)(a) {Z{Ha) n Z{Hp))Bp = Z{Hp) 

(4.26) (b) {Z{Ha) n Z{Hp))Ba = Z{Ha) 

Proof. We first prove (a). We have to show 

(4.27) {Zo{Ha) n Zo{Hp))Bp = Z,{Hp). 

Since Bp is connected, Bp C H^ C Zq^H^), and the inclusion C is clear. For 
the opposite inclusion suppose g G Zo{Hp). By (14.131) write g = hb with 
h e Ha n Hp,b e Bp. Then h = gb~^ G Zq{Hp) since both g and b are in 
Zq{Hp). It is enough to show h G ZQ^Ha). 
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Note that {h,x} = 1 for x G Ha H iJ/j (since h G Zq{Hp)). Since 
is connected C C Zo^Ha), and therefore = 1 for x G -Bq. 

Therefore {h, x} = 1 for x G (-ffa H Hj3)Ba. If a is type / the right hand side 
is Ha and we are done. Otherwise choose t satisfying a{t) = —1, so that Ha 
is generated by {Ha fl Hi3)Ba and t. 

It is enough to show {h,t} = 1. If this is not the case replace h with hma 



and b with 6mQ, (note that rUa G Ha^Hp and 5^). By (4.6)(b) {ma, t} = —1, 
so {hnia, t} = 1. 

For (b) the inclusion C is immediate since Ba is connected. On the other 



hand suppose g G Ha but g ^ {Ha nHf^)Ba- Then ^(^f) < 0, and by (4.6)(b) 
{"^ajfi'} = ~1) so fl' ^ ZQ{Ha). This proves the reverse inclusion. □ 

We may now complete the proof of Proposition 14. 7[ 
Proof. We have already shown this for the most split Cartan subgroup. 
By repeated use of the Cayley transform it is enough to show that in the 
previous setting 

(4.28) Z{Ha) = Z{G)Hl ^ Z{Hp) = Z{G)Hl 

By the Lemma we have 

Z{Hp) = {Z{Ha) n Z{Hp))% 

(4 29) = ^ Z{Hj))% 

= Z{G){HlnZ{Hp))Bp 

= Z{G)Hl 

For the last equality we have used that (if° fl H[^)Bp C H^, which implies 

{H'a n z{h^))b'^ c #0. □ 

We now define Cayley transforms for genuine characters as in Definition 
Km using Z{Ha), Z{Hp), and Lemma S^Sl in place of Km . 

Definition 4.30 Assume G is oddly laced and G is an admissible cover of 
G. Fix a,P,Ha and Hp. Suppose Xa is a genuine character of Z{Ha), and 
Xf3 is a genuine character of Z{Hp). We say Xa is a Cayley transform ofxp, 
and vice-versa, if 

(4.31)(a) ^^{h) = xp{h) {heZ{Ha)r\Z{Hp)) 

(4.31)(b) Adr{c){dx^) = dxp. 

where c G Gad{C) satisfies fl4.14l) /'a-c). 
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Unlike in the linear case this defines xp uniquely, since (4.26) (a) is an 
equality, rather than the containment of 14.13( a)). 

The analogue of Lemma 14.171 follows easily from Proposition 14.71 

Lemma 4.32 In the setting of the Definition Xa O'nd xp C'l"^ each others 
Cayley transforms if and only if 



(4.33) (a) 

(4.33)(b) 
(4.33)(c) 



{dxa.a^) = {dxi3,f3^)- 



The analogue of Lemma 14.201 is: 



Lemma 4.34 Suppose we are in the setting of Definition \4 . 30 
(1) Suppose Xa is a genuine character of Z{Ha 
Cayley transform xp of Xa exists if and only if 



If a is type II, then the 



(4.35)(a) 



Assume this holds. Then xp is given by (4.31) (a) and 



(4.35)(b) 



X/3(exp(xZ^)) = e 



{dxa,ci^)ix 



If a is type I let mp = exp(7rZ^) G Z{Ha) fl Z{Hp). Note that Xpijnp) = 
Then the Cayley transform xp of Xa exists if and only if (4.35) (a) and 



(4.35)(c) 



In this case it is given by (4.31)(a) and (4.35)(b). 
(2) Suppose Xi3 is a genuine character of Z{Hp). 
Cayley transform Xa of xp given by (4.31)(a) and 



Then there is a unique 



(4.35) (d) 



Xa(exp(xZ«)) = e 



{dxi3,f3'')x. 



Proof. For (1) it is immediate from the definition that xp is defined by 
( |4.31)(aD and ( |4.35)(bD . If a is type II then Z{H^) n Z{H(3) n 5^ = 1, and 
there is no further condition. If a is type I then G Z{Ha) fl Zi^Hp) fl Bp, 
which gives condition (4.35)(c). Case (2) is similar, and easier. □ 
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5 Transfer Factors: Special Case 



Let (G, G, G) be an admissible triple as in Definition 13.31 The basic idea 
of transfer factors is simple when G = G is connected and semisimple (for 
example take G{C) = G{C) semisimple and simply connected). We discuss 
this case, before turning to the general case in the next two sections. We 
start with some general notation before specializing to the case at hand. 

Suppose [) = t©a is a Cartan subalgebra of q, with corresponding Cartan 
subgroups H, H and H oi G,G and G, respectively. Let H', H', H be the 
regular elements of these groups. 

Let be a set of positive roots of H in G. For h ^ H' define 



(5.1)(a) A%h,<l>+)= l[{l-e'"{h)) 

(5.1)(b) erih, $+) = sign J] (1 - e-"(/i)) 

(5.1)(c) A\h, $+) = er{h, $+)A°(/i, $+) 

Let D{h) be the coefficient of f^""^ ^ in Det(t + 1 - Ad(/i)), and let n be 
the number of positive roots. It is easy to see that 

(5.1)(d) = A\h)^e^P{h) 

(5.1)(e) \D{h)\^ = \A\h)\\e''{h)\ 

where the final term is shorthand for \e^^{h)\^. It is evident these expressions 
are independent of the choice of 
If G(C) is acceptable define 

(5.1)(f) A(/i,$+) =e''(/i)A°(<l>+,/i), 

in which case 

(5.1)(g) |D(/i)|^ = |A(/i,$+)|, 

independent of the choice of 

The same definitions apply to G (by pulling back from G) and to G. 

Definition 5.2 Let 

(5.3)(a) X(G, G) = {{h,g) eGxG\ m = p{g)}. 
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and 

(5.3)(b) X(H,H) = X(G,G)nH X H. 

For g e G let 

(5.3) (c) X(G, g) = {heG\ m = p{g)} = {heG\{h,g)e G)}. 

and define X{H,g) similarly. 

Let X'{G,G), X'{H,H) be the subsets consisting of regular semisimple 
elements. With G playing the role of G we have (j){h) = and 

(5.4) X{H,H) = {{h,g) G H xH\p(g) = h^}. 
For {h,g) G X{H,H), choose h satisfying p{h) = h and define 

(5.5) T{h,g) = h^g-'- 

This is clearly independent of the choice ofh, andT{h,g) = ±1 since p{h?'g~^) ■ 

hMr') = 1. 

Now suppose G = G is semisimple and connected. Recall (Definition 
I3.14P we always assume Gd{C) is acceptable. Since G = Gd, A is defined, 
and for {h,g) G X{H, H) it is natural to consider 

for some factor rQ{h,g). See the Introduction. Note that the quotient is 
independent of the choice of We want Tq to be a genuine function of 'g, 
i.e. To{h,±g) = ±To{h,g). We also want To{h,g) to have small finite order 
for all h, g. 

Considerations of harmonic analysis make it natural to include the er 
terms (cf. 15.1( c)) and instead define 

A(,,$+)e..(,,$+) ^°^^'^^ 
with To(h,'g) to be determined. Now the quotient depends on the choice of 
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Fix {h,g) G X{H,H). The simplest genuine function on X{H,H) is r 
fl5.5l) . Motivated by the case of GL{n) (see the Introduction) it is natural to 
use this on H^: 

(5.8) roiKg) = Tih,g) = h'g-' = ±l (h e H^). 

Here is another way to think of this term. Let x be a genuine character of 
H^. Then factors to a character of H^: for h € define X^{h) = x(/i^) 
where p{h) = h. Then it is easy to see that 

(5.9) ^°^^'^^ = i^ {heH'^). 

This suggests a way to define TQ{h,g) for all h; choose a character xo of 
H restricting to x^ on H^, and define: 

(5.10) ToiKg) = ^ ioi^\\{h,g)eX{H,H). 

Xo{h) 

Recall since G is connected by ( 12. 7p H = Tr{H)H^. A basic property of 
X is the following (cf. 16.211) : 

(5.11) x^{t) = eP^it) t e TriH) n 

where pr = p{^t)- Note that e'^'' only depends on the positive real roots, 
and its restriction to is independent of all choices, since any two differ by 
a sum of real roots, which is necessarily trivial on Tr{H) n 
Therefore we can define xo by 



(5.12) Xo{h) 



eP^{h) h e TriH). 



Note that xo depends on the choice of although its restriction to Tr{H) fl 
does not. Defining To{h,g) by (15.101) . we see: 

Lemma 5.13 Fix a set of positive roots and let pr = p{^t)- There is a 
unique function Tq on X{H, H) satisfying 

. 4. To{Kg) = r{h,g) {h e H') 

^' ' V,{th,g) = e-P^{t)V^{h,g) {t eVr{H),h e H). 
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Example 5.15 Let G = SL{2,M.) and let H be the diagonal Cartan sub- 
group, which we identify with R^. If p{x) = x and e = ±1 then (x, x^e) G 
X{H, H) and 

(5.16) ro(x, x^e) = sgn(x)e, 

independent oi . 

While this is a natural extension of ro(/i, 'g) from to if, the compelling 
evidence that it is the correct definition amounts to the matching conditions 
involving different Cartan subgroups. See Lemma [6.371 

Definition 5.17 Assume G = G is connected and semisimple. Fix a set of 
positive roots For {h,g) G X{H,H) define the transfer factor 

. ~^ A(h,^+)eJh,^+) ^ 

While To{h,g) depends on a choice of (actually only the transfer 
factor itself is independent of this choice: 

Lemma 5.19 A{h,g) is independent of the choice 0/$+. 
Proof. Write h = tho with t G Tr{H), ho e . By (EJlD 



Let $+(/io) = {a G $r | e"(/io) > 1}. By (7.6)(d) this gives 



(5.21) A{Kg) = ||^e^^*"^'"»W^(^o,fi^) 

which is obviously independent of □ 

Lemma 5.22 For all {h^'g) G X{G^G) we have 

(5.23) A{hrg) = c{hrg)^-^^ 

\D[g)\^ 
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and 



(5.24) A{h,g)=c\hr^^^'''^' 



where c{h,gY = c'{h,gY = 1. 

Suppose X E G and let x = p(x). Then 

(5.25) A{xhx~\xgx'^) = A{h,g). 

This is immediate. 

In the next section we will drop the assumption that G is acceptable, in 
which case A(/i, $"•") and A{g,^'^) are not necessarily well defined. With 
this in mind we rewrite fl5.18p as follows: 

^^^^^^_A(/., $+)£.(/.,$+) x{9) 



(5.26) 



A{g,^+)er{g,^+) Xo{h) 
A°(1>+,/i)6,(/i,1'+) x(9)e'ih) 
AO($+,5^)e,(5?,$+) XoWePig) 
A\^+,h) x{g) 



A^{^+,g){Xoepm 
since p(cj) = . Let x = Xoc'' and assume is special (Definition 12. ip . 



Then by ( |2.4)(b[ ) and flHTT^ for h e Vr{H) we have 

(5.27) ^{h)=e^^{h)e''{h) = U{h)- 

Thus X is defined by 



(5.28)(a) x{h) 



Define 

(5.28)(b) T{h,g) = x{9)lx{h), 

and then (still assuming G = G is connected and semisimple) 

(5.28)(c) ^^^^9) = ^^r^m9). 
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This has the advantage that the quotient is defined in general and this 
is the starting point of the definition of transfer factors. There are several 
issues in extending it to the general case. First of all e'' is only defined on 
(recall Gd is acceptable), so (15.281) only defines and hence V and A, 
on Tr{H)H^ = H D (cf. (12.71) ). This may be a proper subgroup of H. 
Furthermore if G ^ G then some additional modification is required. We 
take up these issues in the next two sections. 



6 Characters of Cartan Subgroups. 

Let {G, G, G) be an admissible triple. In the previous section we defined the 
factor T{h,g) (15.281) (b) if G = G is connected and semisimple. In this section 
we consider the general case, which we use in the subsequent section to define 
transfer factors in general. 

Suppose if is a Cartan subgroup of G and let be a set of positive 
roots. Suppose x is a genuine character of Z[H). Since Gd(C) is acceptable 
p exponentiates to a character of {H^Gd)^ , and x^e^ is defined on (ifnG^)". 
Let H be the corresponding Cartan subgroup of G and set Hd = H n Gd- 
We now use property (3c) of Definition 13.141 which says that x^e'' factors to 
H^. The canonical character of T{H) was defined in Section [2l 

We use (15.281) as our starting point. 

Definition 6.1 Let H be a Cartan subgroup of G. Choose 

1. a special set of positive roots $^ (Definition \2.1\] 

2. a genuine character X of Z{H), 

3. a character X of H . 
Assume these satisfy: 

(6.2)(a) x(/^) = (XV)(/.), {he^,) 

(6.2)(b) x{h) = Cc.{h) {heTriH)). 

Fix ($"'",x, x) satisfying these conditions. Suppose {h^'g) G X{H,H) (cf 



(5.3)(b)^. Then we define 

x(g) 



(6.3) T{Zx){Kg) 
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Let 



(6.4)(a) = {{x,x)} satisfying ^(a) and (h)}, 

(6.4)(b) r(if, $+) = {r(x, x) I (x, x) e $+)} 

(6.4)(c) = U$+5(i^,$+) 

(6.4)(d) r(ff) = u$+r(i7,$+). 



(The unions are over special sets of positive roots). 

Example 6.5 Let G = G = SL{2, M) and let H be the diagonal Cartan 
subgroup, which we identify with M^. Let $^ = {a} where a{x) = x^. If 
p{x) = X and e = ±1 then a short calculation gives 

(6.6) T{x,x^e) = x^^e. 

This only depends on the other choice of gives xe. Compare Example 

Eli 

We begin with some elementary properties. Fix H, (x, x) as above and 
let r = r(x, x)- First of all we obtain a character A of Zq{H). 

Lemma 6.7 Let A = (x^/x); viewed as a character of Zq{H), i.e. \{h) = 
X^{h)/x{p{h)) where p{h) = h. Then 

(6.8)(a) X{h) = e-P{h) {h G Zo{H) n Gd). 

Also let 

(6.8) (b) /i = —dX — p = dx — 2dx — P- 

Then = and we identify it with an element of ^{C)* ; as such it is the 
negative of the differential of X\z{g)o- 
Furthermore for all {h,g) G X{H, H) 

(6.8)(c) T{h,gf = X{m)- 

In particular if h EGd then r{h,gy = e^^P{h). 

Proof. If h e then hjEMh) x{p{h)) = (x^e'')(/i). The same identity 
holds for h G Tr{H) fl Zq{H) by f l6.2ip . In both cases we conclude X{h) = 
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x'^W/xiVih)) = e-P{h). This holds on Tr{H)H^ f] Zq{H), which equals 
Zo{H) n Gd by (I22D- This gives (a). 

For (b), if {h,g) G X(H,H) then T{h,gy = {g) / x{h'^) ■ Since p{g) = 
(t){h) and = h'^ this equals = A(0(/i)). The final 

equality follows from (a) and (b) and the fact that p{4>{h)) = h?. □ 

Recall dES]) for {h,g) G X(H,H), T{h,g) = h^g-^ = ±1. 
Lemma 6.9 Suppose {h,g) G X{H,H). 

(1) Assume h G p{Zq{H)), and choose y G Zq{H) satisfying p{y) = h. Then 
with X as in (6.36)(c), 

(6.10) r{h,g) = X{y)T{y,g). 



(2) If h E Gd write h = th^ with t G Vj.{H), Hq G IT"^, and choose yo G 
satisfying piyo) = Hq. Then 



(6.ii; 



^ih,g) = Ccxit)e ^iyo)T{yo,g), 



and this is independent of all choices except that o/$+. 
(3) In general write h = tho with t G r(iJ) and Hq E H ( I2.7p . Write 
g = ■ygo where p{^) = (pit) and pQo) = (piho). Finally choose y^ G 
satisfying piyo) = Hq. Then 



(6.12) 



^{h,g) = ^^X{yo)T{yo,go). 



Note that xilY = 1 and xit f = 1. 

Proof. For (1) choose y G p~^{y) and write 'g = y^T{y,g) (cf. [53]). Then 
^{h,9) = X{y^)'r{y,g) /x{h) = {x^ {y)/x{p {y)))r{y,g) = X{y)T{y,g). Part 
(2) follows from this, (6.2)(b) and (6.8)(a). Part (3) is similar, noting that 
Tih,g) = Tit,^)Tiho,go). □ 



Example 6.13 Let G = G = G'L(?t,,M) and suppose H is the diagonal 
(split) Cartan subgroup. For simplicity we assume n is even, in which case 
Zo{H) = H^. Note that V{H) = {diag(ei, . . . , e„)} with = ±1, and Tr{H) 
is the subset of T{H) of elements of determinant 1. \i h E H write h = tho 
with t G r(if) and h G H^. Let be any (necessarily special) set of positive 
roots. 
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The cover Z{H) — > Zq{H) splits; let x be the unique, genuine quadratic 
character of Z{H). Note that p exponentiates to and we can define 
x{tho) = eP{ho). Then (x, x) e S{H, $+) and by (l6J2|) we have 

(6.14) T{h,g) = e-P{ho)r{ho,g). 

Given x, the only other allowed choice of x and F is obtained by multi- 
plying by z/(det(/i)) for u a character of (see Lemma [6.191) . 

Lemma 6.15 Fix a special set of positive roots 

(1) Suppose u is a character of Zq{H) and (x, x) ^ '^(if, $+). Then (x(z^ o 
p), x{^ ° 0)) e '5(iJ, $+) and 

(6.16) r(x(z^op),x(z/o0)) = r(x,x)- 

(2) Suppose $^ is another special set of positive roots. There exists a char- 
acter T of H such that for all (x, x) ^ S{H, $+), (x, X^) G '5(i/, ^i), and 

(6.17) r(x,x)(5^,/^) = r(x,xr)(fi^,/^) 

/or all {h,g) G X(H,H) satisfying h e T(H)Z(G). 

Proof. The first part is straightforward. For the second define r(/i) = 
ePi'^t)'pi^+)(h) for h e hI, and r(/i) = 1 for /i G F(F)Z(G). It is easy to see 
that the fact that both and are special implies e''*-*i ^~P^'^"^\h) = 1 for 
all h G F(if)Z(G') fl H^, so r is well defined. It follows easily that it has the 
desired properties. □ 

There is a natural action of the characters of G on T{H, $+): if is a 
one-dimensional representation of G define 

(6.18) V'-r(x,x) =r(x,x^y- 

Lemma 6.19 The space T{H, $^) is non-empty, and the action of the group 
of characters of G on T{H, $+) is transitive. If H is maximally split it is 
simply transitive. 

Proof. Fix any genuine character x of Z{H). For existence it is enough to 
show that for any special set of positive roots, 



(6.20) Cc.{h) = e^x^h) heTr{H)nH^ 



34 



Note that p-\lTa) C p'^lT) = H^C C H^Zq{G) = Zo{H) hvKmSh)) 
and Proposition 14.71 Pulling back to G it is therefore enough to show 

(6.21) (^^(h) = e^x^h) heTr{H)nZo{H). 

Lemma 6.22 x^{h) = eP^ {h) for all h e Zo{H) n Tr{H). 

Proof. Fix h G Zo{H) f] Tr{H). By write h = ULi^i where 

{«!, . . . ,«„} is a subset of the simple roots for and rrii = ma-. Then 
e^- (/;,) = (-1)". 

For each i choose an inverse image fhi of rrii in H. By Lemma 13.21 and 
the discussion preceding it = — 1 for all i. Assume for the moment that 
fhijfhj commute for all i,j. Then 

(6.23) =x{ml...ml) 

= m-m = i-ir 

since x is genuine, proving the result. 

Thus it is enough to show the rhi commute. Using the commutator no- 



tation of Section m the fact that {mi,h} = 1 implies by (4.6)(c) that, for 
each i, ai is not orthogonal to an even number of other aj. Consider the 
subdiagram of the Dynkin diagram of $r consisting of the {1 < i < n): 
every node is adjacent to an even number of other nodes. This implies the 
nodes are all orthogonal, and the fhi commute. □ 

Therefore 

(6.24) X^eP{h) = e'''-(/i)e'''-+^=^+''^(/i) = e^=^(/i) 



since e^P^{h) = e^'(/i) = 1. This equals Ccx{h)_hy ( |2.4)(bD . 

Now suppose Fi, Fa G T{H,^+). li h E H then ipoih) = Ti{h,g)/T2ih,g) 
is independent of the choice of g so that {h, g) G X{H, H), and is a character 
of H. By (EHD Mh) = 1 for /i G Gd- 

We have a surjection 

(6.25) Hom(G/Gd, C) ^ Rom(H/Hd, C) 

dual to the injection H/Hd ^ G/Gd-, which is an isomorphism if H is maxi- 
mally split. If we choose any preimage ip of ipo in f l6.25p then it is easy to see 
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that Fi = il''^2- It follows that characters of G act transitively on T{H, $"''), 
and this action is simply transitive if H is maximally split. □ 

We now need to choose elements of T{H, $"'") consistently for all H. We 
do this by reducing to the most split Cartan subgroup. For this we need a 
Lemma. 

Lemma 6.26 Suppose {x,x) ^ <S{H,^^). Then 

(6.27) x{h)=x{wh) {weW{G,H),heT(H)ZiG)). 

Proof. We need to show xidi'^d)^^) = 1 for (7 G F(if). This is obvious 
if w G W{^i). If w G W{^r) then g{wgY^ G F^(;^). Then = 



U{g{wg)-') = 1 by (pKbl) and 



By [271 Proposition 3.12] W{G{C),H{C)f , which contains W{G,H), is 
generated by W{^i), W{^r) and elements of the form SaSoa where (a, 6a^) = 
and SaSga^t = ^r- ^o it is enough to show = I ior w of this 

form. 

Write g = expvriX with X G a. Since g'^ = 1, a{X) G Z. Then 
(6.28) giwg)-^ = exp7ri«(X)(a^ + ^a"^) G F(;^) n F° 

Let p = p($+). Then 

x((i/^^)^"') = ix'enigiwg)-') (by (pyg) 



(6.29) 



By [31 Lemma 6.11] (fix, 0;"^ + ^^o;^) G Z. The fact that is special and 
= implies p — w~^p is a sum of imaginary roots and terms (3 — 9(3 
with /5 complex. Therefore e"^ ''(fi') = 1- D 

Fix a maximally split Cartan subgroup Hs = TgAg of G and (Xs,Xs) ^ 
S{Hs). _ 

Suppose i7 is a Cartan subgroup, and write H = TA as usual. There 
exists X E G such that xAx~^ C Ag, and therefore xT{H)x~^ C T{Hs). 
Suppose {h,g) G X(H,H) where /i ^F(;H^)Z(G). By Lemmas [3ll](5) and 
Km6(h) G Zo(G) sofi G Z(G) C Z{Hs). Therefore {xhx-\g) G X(Hs,Hs). 
Define 

(6.30) r^(/i,5') = T{xs,Xs)ixhx^^,g). 

By the Lemma this is independent of the choice of x. 
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Proposition 6.31 Fix a maximally split Cartan subgroup Hg and {xs, Xs) ^ 
S{Hs). Suppose H is a Cartan subgroup, x «s a genuine character of Z{H), 
and is a special set of positive roots for H. Then there exists a unique 
character x of H such that (x, x) ^ <S{H, and 

(6.32) T{x,x){h,9) = T,{h,g) 

for all {h,g) E X(H,H) with h e T(H)Z(G). 
Explicitly (l632|) is 

(6 33) = ^"^^ 

X{h) Xs{xhx~^) 

or alternatively 

(6.34) x{h) = {x/Xsmh))Xs{xhx~'). 

Before giving the proof of the Proposition we give the main definition of 
this section. 

Definition 6.35 Fix a split Cartan subgroup Hg and (x^, Xs) ^ S{Hs). Sup- 
pose H is a Cartan subgroup and is a special set of positive roots. 

(1) Let S{H,^'^ ,Xs^Xs) be the set of pairs (x, x) ^ '5(iJ, $+) satisfying 

(2) Suppose X is any genuine character of H. Choose x so that (x, x) ^ 
S{H, ^^,Xs,Xs) and let 

(6.36)(a) r(/7,<i>+) =r(x,x) e T{H,<^+). 

Also define 

(6.36)(b) X{H,<i>^)=xVxeUH) 
and 

(6.36)(c) /i = -rfA-p = rfx-2c/x-pG3(C)* 

(cf. Lemma \6. 7\ ). If it is necessary to indicate the dependence on (Xs?Xs) '^^ 
write T{xs,Xs,H,^'^), X{xs,Xs, H,^+) and nixs^Xs)- 



37 



It follows easily from Lemma [6.151 that T{H, $"*") and X{H, are indepen- 
dent of the choice of x- It is also easy to see that fi = dxs — '^dxs restricted 
to 3(C)*, and is therefore independent of the choice of (if, $"^). 

We now prove Proposition 16.311 Using Cayley transforms (Section Hj) 
we will reduce to the following Lemma. Suppose is a Cartan subgroup, 
with real root a, and Hp is the Cayley transform of Ha-, with noncompact 
imaginary root [3. See the discussion preceding f 14. 131) . Fix c G Aut(0) 
satisfying (I4.14p (a-c). 

Lemma 6.37 Suppose $^ is a special set of positive roots for and {xa, Xa) ^ 
S{Ha, $^). Suppose $^ is a special set of positive roots for Hp, and X/3 is a 
genuine character of Z{Hj3). Then there exists a unique character Xi3 of Hp 
such that (X/3,X/3) ^ ^i.Hp,^'^) and 

(6.38) V{xmXa){.h,g) = T{xi3,Xi3)ih,g) 

for all (h, g) E X(Hp, Hp) satisfying h e T(Hp)Z(G) . _ _ 

In addition assume c*($^) = Then (16.381) holds for all h G HaCiHp. 

Proof. To avoid runaway notation let H = Hp for a moment. The character 
Xf3 is determined on T{H)Z{G) by (16.381) and on H^ by fl6.2l) (a). Since 
W C Z(G)7r^, hj I^H = T(H)Z(G)Ha, and uniqueness is immediate. 

For existence, by Lemma 16.151 it is enough to prove this for a single 
choice of $^ and <I>^. It is not hard to see we can choose special so that 
$^ = c*(<l>^) is also special. This implies a is simple for (cf. Lemma 

MM- ^ 

Fix xp- By 16.15( 1) we may choose Xa arbitrarily, so by Lemma 14.341 
choose Xa to be the Cayley transform of X/3- Since xp is genuine and /3 
is a noncompact imaginary root, ((ix/3,/3^) G Z + | by pi Lemma 6.11]. 
Therefore {dXayCi'^) = (c^X/s?/?^) G Z + |. Let Xa be any character of Ha 
with ixcXa) e S{Ha,^t). Then 

(6.39) Xaima) = CUma) = (-l)<''-^-°"> = -(-1)<a"^) 
since a is simple for Furthermore 

(6.40) {dxa, a"") = {2dxa + p, a"") G 2Z + 1 + (p, a"") . 

Thus Xa satisfies the conditions of Lemma I4.20[ Let X/3 be the (unique) 
Cayley transform of Xa- 
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It is enough to show (x/3, X/s) ^ <S{Hf^, $^), for then it is obvious from the 
definition of Cayley transforms that (16.381) holds for all h G Ha H H/3. 
We have 

dxf3 = Ad* {c){dxa) 
(6.41) =Ad*ic)i2dxa + p{^t)) 

= 2dx0 + p{^;) 



by the choice of and This verifies (6. 2) (a). 

We now verify (I6.2p (b). Suppose 7 is a real root of Hp. Then e 
H^nHp, and Xf3{m^) = Xa{fn^) = CcxiG , H a) (m^) , by ([621)(b) for (Xa, 
We want to show this equals (cxiG, Hi3)(m^), i.e. 

(6.42) C,,(G,Ha){m^) = Q,{G ,H p){m^) . 

If the simple factor containing a, (3 is of type G2 an explicit calculation 
shows that both sides are 1, so assume G is simply laced. 

The root 7 = Ad*(c~^)(7) of H^ is also real, and (7, a^) = 0. Suppose 
5 is a complex root of H^ with (5,7^) 7^ 0. Then the corresponding root 
of Hp is also complex. Conversely, suppose 5 is a complex root of Hp with 
(5, 7^) 7^ 0. Then the corresponding root 5 of Ha is complex unless Sp5 = (r6, 
in which case it is real. In this case, let 6' = s^6. It is another complex root 
of Hp with 6' real. Since (5,7"^) 7^ 0, 5' 7^ 6, and since 7 is real, 6' 7^ aS. 
Since 5 7^ ±7, 6' 7^ —5. Suppose 6' = —a6 = —Sp6. Then 

(6.43) 25=(5,7>+(5,/5^)/?. 

This cannot happen since in the simply laced case, two orthogonal roots have 
no other roots in their (real) span. 

Therefore both 6 and s^{6) contribute to (cx{G, Hp){m^), and their total 
contribution is S{m^){s^6){m^) = 5{m-^)5{m^) = 1. 

It follows that the terms in (cx{G, Ha) and Ccx{G, Hp) are the same, with 
the exception of those just discussed, which are 1. □ 

Remark 6.44 Note that r(xa, 1) = and r(x/3, X/3)("^a, 1) = 

Xpi'ma)- As in the proof of the Lemma Xp{'^a) = —(—1)^'''" ^ The equality 
of the Lemma then implies Xa('^a) = Ccx('^a)- This motivates condition 
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Proof of the Proposition. This is now straightforward. If H is maximally 
split there is nothing to prove. If H is obtained from Hg by a series of Cayley 
transforms we conclude the result by a repeated application of Lemma 16.371 
It is easy to check that if the conditions of the Proposition hold for a Cartan 
subgroup H, they hold for every G-conjugate of H. Up to conjugacy every 
Cartan subgroup is conjugate to one obtained by a series of Cayley transforms 
from Hg, and the result follows. □ 

For later use we note a consequence of the last part of the proof of Lemma 
I071 

Lemma 6.45 Suppose Hi = TiAi and H2 = T2A2 are Cartan subgroups 
with Ai C A2. Suppose a G (^riG,Hi). 

(1) 

Ccx{G,Hi){ma) = Ccx{G,H2){ma). 
(2) Let Ml = CentciAi) and suppose a G ^r{Mi,H2). Then 

CUG,H2)im^) = CUMi,H2){m^). 

Proof. The first equality follows from a repeated application of (16.421) . The 
second is similar. Choose a set S of complex roots such that 

(6.46) {/3 G <l>e.(G, H2)\<l>c.{Mi, H2) \ {(3, a^) ^ 0} = {±(3, ±af3\f3e S}. 

If j3 E S then is also complex, is not contained in $(Mi, H2), and is not 
equal to ±j3, ±cr/3 Then 5* is can be written as a union over pairs {(3, 3^(3} 
and the result follows as in the proof of (I6.42p . □ 

The dependence of T{H, $+) on follows easily from Lemma 16.15( 2) 
and its proof. 

Lemma 6.47 Suppose are special sets of positive roots for H. Let 

{h,g) G X{H, H), and write h = 7/2,0 with 7 G r(iJ) and Hq E H . Then 

(6.48) T{H,^t){Kg) = r(iJ, $+)(/., fi^)e''(*^)-''(*^)(/2o). 

The factors T{H, $+) are conjugation invariant in the following sense. 

Lemma 6.49 Suppose is a special set of positive roots for H , and {h,g) G 
X{H,H). Fix X E G and let x = p{p(x)) G G. Let Hi = xHx~^ and 
$1 = Ad{x)^+. Then 

(6.50) T{Hi,(^+){xhx-\xgx-^) = T{H, (!?+){h,g) 
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Proof. Choose (x, x) ^ <S{H,^^ ,Xs,Xs)- Let Xi = xxx~^ and Xi = xxx~^ . 
It is clearly enough to show ^ '^(ifi, x^, Xs)- Condition fl6.2l) (b) 

is immediate, and for all h G {Hi fl 6*^)° 

= x(x-Hx) = x'e''(*^)(a;"'ta;) = xle'^^'Kh) 

so (16.21) (a) holds as well. 

Assume 7 G r(ifi)Z(G) and choose y satisfying yV[H)y^^ C V{Hs)- By 

Xi{l) = Xix'^ix) = {x/Xs){(l){x'^lx))xs{yx'^-fxy''^) 

= {xi/xs){(l){i))xs{{yx'^h{yx~^)-^). 

This proves f l6.34p holds for (xi,Xi)- ^ 

We summarize the important properties of T{H, $^), reformulating them 
slightly. 

Proposition 6.52 Fix a split Cartan subgroup, a special set of positive 
roots, and {Xs,Xs) ^ ^{Hs,^f). Suppose H is any Cartan subgroup, is 
special, and {h,g) G X{H,H). 
(1) 

(6.53)(a) V{HM){h,g)=e-P{y)T{y,^) (h elf,). 

(2) Suppose X e G, X = p{p(x)). Then 

(6.53)(b) T{xHx~\ Ad{x)<^>+){xhx-\xgx-^) = T{H,<i>+){h,g) 

(3) Suppose {i = 1,2) {hi,gi) G X(H,H). Then 

(6.53)(c) r(/7,$+)(/ii/i2,^i^2) = r(//,$+)(/ii,^i)r(i/,<i>+)(/i2,fi^2). 

(4) For i = 1,2 let Hi be a Cartan subgroup and $^ a special set of positive 
roots for Hi. Assume {h,g) G X{Hi,Hi) for i = 1,2. Choose c G Gad{C) 
satisfying Ad{c)t)2 = ^c?(c)|f,inei2 = 1> '^'^'^ ) = ^2 ■ Then 

(6.53)(d) TiHi,^t)ih,g) = TiH2,<l>t)ih,g). 

Conditions (1,2,4) and Condition (3) for hi G T{H)Z(G),gi e Z{G) 
uniquely determine the functions T{H, given the restriction ofr{Hs, 
to {T(Hs)Z(G) X Z{G))nX(H,,H,). 
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7 Transfer Factors 



We now define transfer factors for a general admissible triple {G, G, G), gen- 
eralizing Definition 15.171 

Definition 7.1 A set of lifting data for {G, G, G) is a pair {xs, Xs) ^ S{Hs) 
for some maximally split Cartan subgroup Hg of G. 

The transfer factor associated to {xs, Xs) is the function on X'{G, G) 
(Definition \5.^) defined as follows. 

Suppose {h,g) G X'{G,G). Let H = Centcipij))) ; this is a Cartan sub- 
group of G. Choose a special set of positive roots for H . Recall T{H, $+) 
is given by Definition \6. 35\ and is given in (15.11) Z'c). Define the transfer 
factors 



Ai($+,^) 



(7.2) A^{h,g) = ,,)^:Jj iH,^^)ih,g). 



Proposition 7.3 A^ is well defined, i.e. independent of the choice of . 

Proof. We have to show that and r(iJ, $+) satisfy inverse trans- 

formation properties with respect to $+. 

Suppose {h,g) G X'{H,H). By ([22D write h = ^Hq with 7 G V(H) and 
Hq E H . Suppose ^f,^2 two choices of special positive roots. By 
Lemma 16.471 

(7.4)(a) T{H,<!>t)ih,g) = r(if, $+)(/^,5^)e^(*^)-^(*^)(/io). 

By the definition of A^ it is enough to prove 

(7 4)(b) = ^^i^e^(-t)-pi^t)f.) 

^^^^^ AH$|,^) A^{^t,9) 

Every term factors to G, so we can replace g with p{p(g)) = p{4>{h)) = h'^. 
This reduces us to showing 

(7 5) ^^(^"'^) - ^^(ill^e^(*^)-(*^)(/.o) 

^ ' Ai($^/i2) " Ai($^,/i2) ^ 
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We first compute for any set of positive roots 

— sgn- 



(7.6)(a) 

= sgn II (l + e-"(7)e-"(M) 

A given term is positive unless €"(7) = —1 and e"(/io) < 1- Let 

(7.6)(b) = {a G |e°(/io) > 1}. 

Tlien 

(7.6)(c) ^41^^= n e"(7) = e-(-^)-(*'^('^))(7). 

' ae<!>+n{-^+{h)) 

Letting = n we have 

Now consider tlie A° term of fl5.ip (c). Write = w$J for some w G 
so that 

A°($+,/i) _ eHe^(^^)-^(^^)(/i)A°('l'+,/i) 
^^g^^^^ A0($+,/i2) ~ e(M;)e''(*2+)-p(*^)(/i2)A0($+,/i2) 

since p{^t) — pi^t) is a sum of roots. 
Now 

eP{*^i)-p(*^2)(^)eP(*f)-'°(*^)(/i) 
(7.6) (f) = e^(*^i)-^(*^2)-p{*^)+p(i'f)(^)e-p(*J)+/'(*^)(/io) 



since 7 has order 2 and (by (2.4)(b)) 

(7.6)(g) e''(*^)-''(*^i)(7) = Cc.(G,F)(7) = e''(*^)-''(*^^)(7). 

Multiplying (c) and (e), and using (f) shows (17. 5p . and completes the proof. 

□ 

Here are some elementary properties of transfer factors. 
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Lemma 7.7 Suppose {h,g) G X{H,H). Fix a special set of positive roots 
$+ ofH, and let p = A = \{H, $+) (cf. \6.36)(h\). Let g = p(g). Then 



(7.8)(a) 



Dig)' 



Write h = tho with t e T{H)Z{G) and ho e H^. Then 

D{h) 



(7.8)(b) 
In particular 
(7.8)(c) 
where c{h, g)^ 
(7.8)(d) 



Dig) 



A{h,g)=c{h,g)X{^{t))-^ 



\D(g)\^ 



1. Finally if X is unitary then 

\D{h)\'. 



\Mh,g)\ 



\D{gW- 



Proof. The main point is that 



(7.9) 



AO($+,/i)e,(/i,<l>+) 
AO($+,fi^)e,(fi^,$+) 



2p( 



A'>{<^+,h)^e''p{h) e 
A%<l>+,gye'^p{g) e^p{h) D{ 



e'^ih), 



the last equahty follows from (5.1)(d) and the fact p{p{g)) = h"^- Then 



(7.8) (a) and (7.8)(b) follow from (6.36)(c), and (c) and (d) are elementary 
consequences of this. □ 



Remark 7.10 Recall fi E 3(C)* is given in Definition 16.351 If /i = 

(i.e. X\z{Gr = 1) ^^^^ (IZSD(c) A(0(t))2 = 1, and A{h,g) differs from 
\D{h)/D{g)\2 by a fourth root of unity. By varying our choice of lifting 
data (xs, Xs) we are free to choose the restriction of fi to Z{G)^, up to 
the constraints (6.8)(a). For simplicity assume G = G. It is easy to see 



we can take this restriction to be trivial if and only if 



1 for all 



z G Z(G)° n = Z{G)^ n Z{Gd)- This is equivalent to: p exponentiates to 
a character of H^. By the right hand side of the equality this is independent 
of the Cartan, and we say G is real- admissible if it holds. 
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This condition is empty unless Z{G) contains a compact torus, and it is 
weaker than admissibihty. For example GL{2, C) is not admissible; GL{2, M) 
is real-admissible, and U{1, 1) is not. 

In any event we can always choose the restriction of A to Zq{G) to be 
unitary, so that fl7.8p (d) holds. 

Example 7.11 Let G = U{1,1) (see Example [M])- Then G is not real- 
admissible, since — / G Z{G)^ and e^(— J) = —1. Let T be the compact 
diagonal Cartan subgroup, and write X*(T) = 1? in the usual coordinates. 
Let G be an admissible cover of G. Recall (cf. Example [MD X*{T) = \L®T. 
or Z © |Z. 



Suppose X = {x, y) G X*{T) and x = (a, e X*{T). Then ( |6.2)(aD holds 
if and only if a — 2x — | = 6 — 2?/ + | , in which case 

(7.12) ^ = (a - 2x - i, a - 2x - i) G 3(C)*. 

Since a, 2a; G Z we cannot choose yU to be 0. 

The transfer factors satisfy the following invariance property with respect 
to conjugation by G. 

Lemma 7.13 Suppose {h,g) G X'{H, H). Fix x G G and let x = p{p{x)) G 
G. Then 

(7.14) A§{xhx-\xgx-^) = A^{h,g). 

Follows easily from Lemma 16.491 
From Lemma [6. 191 we see: 

Lemma 7.15 The group of characters of G acts simply transitively on the 
set of transfer factors. 

More precisely suppose for i = 1,2 {xl^xD ^ S{Hs), and let A^^xl^xl) 
denote the corresponding transfer factors. Then there is a character : G ^ 

so that for all {h,g) G X'(G,G) 

(7.16) a|(x^,xD(/^,5^) = V^WA|(x^,xD(/^,fl^) 

Conversely, suppose that ip : G ^ is a character and {xl,xl) ^ <S{Hs). 
Then there exists (x^,Xs) ^ <S{Hs) such that { 7.16 ) is satisfied. 
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Suppose {h,g) G X(H,H) and eP{h) is defined. This happens, for exam- 
ple, if G is admissible, or if Gd is admissible and h G Gd- Then 

AH$+,/^)6.(/^,$ + ) ^ A(/.,1> + )6,(/.,$+) 

^ • ^ Ai($+,fi?)e,(^,$+) A(5^,<|.+)e,(fi?,$+) ^ 

Together with fl6.9p this gives simpler formulas for the transfer factor in some 
situations. For example (15.201) holds for {h, g) if Gd is acceptable and h G Gd- 

Example 7.18 Let G = G = GL(n, R) and let H be the diagonal split 
Cartan subgroup of G. Choose (x, x) Example 16. 13^ and use other 

notation as in that Example. Suppose {h,g) G X'{H,H) and write h = 
tho G r(if)if°. An easy calculation gives 

(7.19) A^(<l>+, h)eP{ho) = \D{h)\^. 
From this and (16. lip we compute 

(7.20) A{h,g) = l^^riho,g). 
This agrees with the transfer factors of [TP|. 

Lemma 7.21 Let H be a Cartan subgroup ofG. Suppose {h,g) G X'{H,H). 
Also suppose z G Z{G),z G Z(G) and {z,z) G X(H,H). Then {zh^zg) G 
X'(H,H) and 

(7.22) A§{zh, Ig) = XsC^ /xs{z)A§{g, h). 

Proof. Let be a special set of positive roots and choose (x, x) ^ 
S{H, $+, Xsi Xs)- Since z and z are central 

A\<^+,zh) = A\<^+,h), Ai(^,<|.+) = Ai($+,fi?). 

Furthermore 

(7.23) V{H,^+){zh,Jg) = V{H,^^){z,I)V{H,^^){h,g) 

and T{H, $+)(2;,F) = Xs(z)lxs{.z) by (16.330 . Inserting this into the definition 
of A^ gives the result. □ 
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8 Some Constants 

We need to take care of some constants. Fix an admissible triple {G, G, G). 
Suppose is a Cartan subgroup of G, with corresponding Cartan subgroups 
H of G and H of G. Let (pjj be the restriction of to H. Define 

Definition 8.1 

2) = \Keri<j^)\\H/Z{H)\-^Z{H)/p-\mr' 

= \Kerichr)\\H/Z,m-'nZo{H)/mr 
Fix a maximally split Cartan subgroup Hg of G, and define 

(8.3) c = c{H,), C{H) = c{H)/c{H,). 

If it is necessary to specify G we write Cq(H), Cq — Cq{Hs) and Gq{H) — 
Ca{H)/ca{H,). 

Let H2 = {h e H\h'^ = 1} and = D H2. Note that \H^\ = 
2dim(//nA') Hs,Hf be maximally split and fundamental Cartan sub- 

groups, respectively. 

Proposition 8.4 

(1) cg{H) = \H',\\H/Z,{H)\^. 

(2) c^{H)^ca{H)^^. 

(3) c{H) and G{H) are integers, and are powers of 2. 

(4) c^c{Hs)<c{H)<c{Hf). 

(5) 1 < G{H) < G{Hf) 

Proof. 

By definition we have 

Ca{H) = \KeT{4>H)\\H/Z,{H)\-^Z,{H)/m)\-^ 

(8.5) = \Ke^{^)\\H/Z,{H)\-^H/cl>(H)\-'\H/Z,{H)\ 

^\Ke.{clyj,)\\H/Zm\^H/m\-'- 
liG^G then Ker((/>^) = H2, (j){H) = H^, and 

(8.6) cg{H) = \H2\\H/Zo{H)\-^\H/HX'- 
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It is easy to see H ~ x H/H^, and H/H^ is a two-group, which imphes 
\H2\ = \H^\\H/H\ Therefore cg{H) = \H^\\H/Zo{H)\^ , which is (1). 
By (1) and (EH]) 

(8.7)(a) _ _ 

Ca{H)/cG{H) = \^^<<hr)\\Zo{H)/<Pm-' |Ker(0^)||</,(i/)/i/O| 



\H2\\Zo{H)/HO\~^ \H2 



Recall (Lemma EZH) (j){H) = {T{H) f] C)H°. The composition of maps 

f/o gives an exact sequence 

Ker(0^) H cI>tj{H) ^ 



H ^ (f)jj[H) (f>jj[H)/H^ gives an exact sequence 



^.7)(b) 



Ker((%) nTf h"" 



Solving the resulting identity for \(j>jj{H) / H^\, inserting in (8. 7) (a) and 
cancelling terms gives 

(8.7)(c) Ca{H)/cG{H) = \H/H'\\KeT{<j>jr) nU'l/m 

It is easy to see that Ker(0jj) fl = H2/C fl H'^, so the right hand side 
equals 



^.7)(d) 



\H/H 



\H2/Hl\\CnH0\ 
On the other hand there is an exact sequence 

The map to T{H) fl C is given hj h ^ U^^^^iy) where y G //(C) satisfies 
p{y) = h. This gives 



^.7)(f) 



\h/h'^\ \T{H)nc\\cnH'^\ 



\H/H^\ \C\ 



Using the fact that H/H^ ~ H2/H2 and plugging this into (8.7)(d) gives (2). 

We will see in Lemma 110.81 that \H/Zq{H)\2 is an integer. Further, 
H/Zq{H) is a quotient of H/H^, which is a two group, so by (1) cg{H) 
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is an integer and a power of 2. The general case of (3) follows from (1) and 
(2) if we can show 

(8.8) \H^\\r{H)nc\/\c\ez. 

To see this note that C C T{H)H2- For g E C write g = 'jh accordingly, and 
define ip{'yh) = h{H2 fl C). This is a well defined homomorphism from C to 
H^/H^ n C. It factors to an inclusion C/C nT{H) ^ H^/H^ n C, and fM 
follows from this. This proves (3) for Cq{H). 

It is enough to prove (4); assertion (3) for Cq{H) and (5) follow easily. 
For this we use Cayley transforms. Suppose Ha, Hp are as in Section HI It is 
enough to show 

(8.9) Ca{Ha) < Ca{Hp). 

First assume G = G. Write H^ = TaAa, Hp = T^Ap. Then dim{Tp) = 
dim(TQ,) + 1, and by part (1) of the Lemma it is enough to show 

(8.10) \HjZo{Ha)\^ < 2\Hp/Zo{Hf3)\'^. 

If a is of type II choose t G Ha satisfying a{t) = —1; otherwise let t = 1. 
By dllSD write Ha = {{Ha n H(s)Ba,t). By ( |4.26)(aD 

Ha {{Ha n Hp)Ba, t) 



(8.11) 



Zo{Ha) [Zo{Ha) n Zo{H(s)]Ba 

{HanHp,t) 



[Zo{Ha) n Zo{Hp)][{Ha n Hp,t) n 

{Ha^Hp^t) 



ZoiHa) n Zo{Hp) 
since {Ha n Hp, t) n Ba C {Hp, t) nBa = I. Similarly 
Hp {Ha n Hp)Bp 



f8.12) 



Z^{Hp) [Zo{Ha)nZo{Hp)]Bp 

Ha n Hp 



[Zo{Ha) n Zo{Hp)] [Ha nHpH Bp] 

Ha n Hp 

{Zo{Ha)nZo{Hp),ma) 
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We have rria G Hn C Zq{H/^). By (4.6)(b) G Zq^Ho) if and only if a is 



of type J. By (Km and (ISTT^ we see \Ha/Zo{Ha)\ = t\Hp/Zq{Hp)\ where 
r = 1 (resp. 4) if a is of type I (resp. II). This proves (18.101) . 
Now supppose G is not equal to G. By (2) of the Lemma 

(8^^3) CaiHa) _CG{Ha)\T{Ha)nC\ 



CaiHp) CG{H^)\T{Hp)nC\ 

We need to show the right hand side is < 1. 

By the preceding argument the first quotient on the right hand side is 
equal to 1 if a is of type II for Ha, or ^ otherwise. It is clear that T{Hp) C 
vIHo) of index 1 or 2, so V{Hp) n C is of index 1 or 2 in V{Ha) n C. We 
need to show that if a is of type II for H^ then T{Ha) fl C = T{H/j) fl C. 

By the assumption on a we can choose t e ^{Ha) such that a{t) = 
-1. Since a{g) = 1 for all g G r(i/^), t ^ r(i7^), so T{Ha) = {T{Hp),t). 
Therefore a{g) = -1 for all g G T{Hf3)t, so T{Ha) nC = T{Hp) n C. 

□ 

In fact we have shown that 

c-Q^Ha) j 1 « type II for Ha 



(8.14) 



Cq{Hi3) I 1 or i a type I for Ha 



(Only 1/2 occurs in the second case if C = 1). This implies that for any 
Cart an subgroup H 

(8.15) Cq[H) < 2^(^=)-^(^) 

where r(*) denotes split rank. 

Example 8.16 If G = GL{n,W) every real root a is of type II, so cg{H) is 
independent of H and Cg{H) = 1 for all H. See [19]. 

On the other hand if G = G = U{p, q) then every real root is of type /, 
and equahty holds in (I8.15p . 



9 Lifting: Definition and Basic Properties 

Assume that (G, G, G) is an admissible triple. In this section we define lifting 
from G to G and derive some of its basic properties. Fix lifting data {xs-, Xs) 
with corresponding transfer factors (Definition 17.11) . 
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Recall (Section [2]) 0{G,g) is the conjugacy class of g & G, and 

(9.1) 0''{G,g) = {xgx-^\x eG{C)}nG 

is the stable orbit. We also have 0{G, g) and 0^^{G, g), and the map (Lemma 
I33K3)) : Orb^*(G) ^ Orb'*(G'). 

Definition 9.2 Suppose g is a strongly regular semisimple element ofG. Let 
H = p'^ {Centc{p(g))) ■ We say g and 0{G,g) are relevant ifg E Z{H). 

The reason for this terminology is: 

Lemma 9.3 ([2], Proposition 2.7) Let n be a genuine admissible repre- 
sentation of G. Suppose g is a strongly regular semisimple element which is 
not relevant. Then Q^ig) = 0. 

This is elementary, and goes back to GL{2) [9]. 
Here are a few basic properties about orbits. 

Lemma 9.4 Suppose g is a semisimple element of G. Then 

1. p{0{G,g)) = 0{G,p{g)) 

2. p-\OiG,pig))) = 0{G,g)UOiG,-g) 

3. Suppose g is relevant and strongly regular. Then 0{G,g) ^ 0{G, —g). 

Proof. Part (1) and (2) are routine. For (3) suppose not. Then xgx~^ = —'g 
for some x E G. Let H = CeiatG{p(g))- Then p{x)p(g)pix~^) = p(g), so 
p(x) G H. But then xgx~^ = g since g G Z{H) and x E H. □ 

Lemma 9.5 Suppose O'** G OrW*{G) and write (piO^^) = 0'^^{G,g) for some 

— st 

g E G. Assume g is strongly regular. Then there is a unique h E O such 
that (f){h) = g. Furthermore h E H and is also strongly regular. 

Proof. By definition there are h' E 'O^^ and g' E 0'^^{G, g) such that (j){h') = 
g' . Let X E G'(C) such that g' = xgx~^. Since g,g' E G we have o-{x)^^x E 
CentG{c)(5') = H{C). Let y = p{x) E G{C) and h = y~^h'y. Since g = 
(f){h) = slhy, s{h) E CentG(c)(^) = H{C). But a{y)-^y E HiC) so a{h) = h 
and h EHn'G'^ with (j){h) = g. 
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Suppose r G Cent jj^^^ (/;,), and choose a preimage s of r in G(C). Then 
g = (j){h) = (j){rhr~^) = s(f){h)s-^ = sgs-^ so that s G H{C). Thus r G ^(C), 
so that h is also strongly regular. 

Suppose that /ii G with (j){hi) = g. Then there is u G G{C) with 
uhu~^ = hi. Choose a preimage f of m in G{C). Then (7 = = 
(l){uhu~^) = v(j){h)v~^ = vgv~^. Thus v G H{C). Now m G -ff(C) so hi = h. 
□ 



Remark 9.6 Note that Lemma l9.5l implies the following. Let O** G Orb''*(G') 
and O"* G Orb'*(G) with 0(0"*) = If O"* is strongly regular and 

semisimple, then so is O , and the restriction of to (9 gives a bijection 
between O and C'^*. Further, for any g G O^^ fl if, 

(9.7) {O"* I (PiO"') = O''} = {Orb'*(G, h)\heH, (j){h) = g}. 

Definition 9.8 Suppose O G Orb{G) and O^^ G OrW^{G) are strongly regu- 
lar and semisimple. Let p{Oy^ he the stable orbit for G containing p{0) . 
Define A|(0'*, O) = unless (f){0") = p{dY'. 

Suppose (t>{0^^) = p{OY^. Choose g E O. By Lemma WTSl there is a unique 

— st ^ 

h E O with (j){h) = p{g). Define 

(9.9) /S%{0'\d) = /4{h,g). 



By Lemma \7. 13\ this is independent of the choice of g. 

Recall a virtual character vr of G is said to be stable if the function 6.,^ 
representing its character is constant on the stable orbit 0'^^{G,g) for all 
strongly regular semisimple elements g. 

Definition 9.10 Suppose Q is a stable virtual character of G. Then Q{0^'^) 
is defined for any strongly regular semisimple orbit O G Orb^ (G). Suppose 
O G Orb{G) is strongly regular and semisimple. Recall c = Cq is given by 
Definition \8.1\ 
Define 

(9.ii)(a) Lift|(e)(a) = omo''). 

{o"G0r6=*(G)} 
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This is a finite sum, over 

(9.ii)(b) {o''\<p(o')=p{dr}. 

Thus Lift^9 is a genuine class function defined on the set of strongly 
regular semisimple orbits in G. The following lemma follows easily from (19.71) 
and the fact that restricted to if is a homomorphism. Recall X{H,g) is 
given by Definition 15. 2[ 

Lemma 9.12 Suppose g is a strongly regular semisimple element. Let H = 
Centcipig)) andH = p{H). Then 

(9.13) Lift|(e)(fi^)=c-i Yl ^§ih,mih). 

{heX(H,9)} 

In particular Lift^(0)(5') = unless p{g) is in the image of (f). Assume this 
holds, and choose h satisfying (f){h) = p{g). Then 

(9.14) Liftg(e)(fi?)=c-i Yl ^iith,g)Q{th). 

{tGH I </,(*)=!} 

Remark 9.15 Formula (19.131) can be used to extend Liftg(9) to a genuine 
class function on all regular (not just strongly regular) semisimple elements. 

We derive some elementary properties of lifting. Recall the definitions of 

(EH). 

Lemma 9.16 Lift§(0) IS supported on Z{G)G^^. 

Proof. Let if be a Cartan subgroup of G. Then H = Z{G)r{H)Ha, so that 
(f)(H) C Zo{G)H^. Thus p-^(t){H) c Z{G)G'^^. □ 

Define Zi{G) = {z e Z(G) : 0(^) = 1}. 

Lemma 9.17 Let Q be a stable character of G with central character (. 
Then Liftg(0) = unless C{z) = Xsiz) for all z E Zi{G). 

Proof. Fix a Cartan subgroup H,gE H', and z G Zi{G). Then 
{heH\ m = p(g)} = {zh\heH, m = p(g)}. 
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Further, for all h E H such that (j){h) = p{g), 

by Lemma [7.211 apphed to h,g,z, and z = 1. We have 

Lzf4m{9) = ^§{9,^h)e{zh)=c-\{z)xs{z'')Lzf4m{g). 

□ 

Fix a character ( of Z{G) satisfying ({z) = Xs{z) for all z G Zi{G). For 
z eS = p-^^{Z(G)) define 

(9.18) C(i) = Xs(20(Cx;')W 

where z G ^(G), = p(z). This is independent of the choice of z, and is 
a genuine character of S. 

Lemma 9.19 Let Q be a stable character of G with central character ( such 
that ({z) = Xsi^) for all z G Zi{G). Then for allgEG,zE S, 

Uf4mig) = ai}Uft§(e){g). 

Proof. Fix a Cartan subgroup H of G, g E H' and z E S. Choose z G Z{G) 
such that (j){z) = p{z). Then 

{h EH\{h,Jg)E X(H,H)} = {zh\heH, {h,g) G X(H,H)}. 

Thus by Lemma [7.211 

Uft^(Q){Ig) = A^{Ig,zh)(Q{zh) 

= ixsi'^/xsiz))az)Ltft§mg) = a^Lift%Q){g). 

□ 
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10 Lifting for Tori 

We give some details of lifting for tori. This illustrates some of the basic 
principles, and plays an important role in lifting for general reductive groups. 

Let G{C) be an algebraic torus, with real points G. Let p : G ^ G he 
any two- fold cover; any such cover is necessarily admissible (Definition 13. 3p . 
Let C be a subgroup of p{Z{G)) consisting of elements of order 2, and let 
G = G{C)/G, with real points G. Then {G,G,G) is an admissible triple. 

Since G is a torus, G = H = Hg is a maximally split Cartan subgroup. 
Let Xg{Z{G)) denote the genuine characters of Z{G) and let X{G) denote 
the characters of G. Since gd = condition (16.21) is empty, so (x, x) C S{G) 
for al\xeXg{Z{G)),xeXiG). 

The transfer factor of Definition 17.11 is then given by 

A§{h,g) = mx{h)-' {{h,g) G X(G,G)). 

Let 

(10.1) S = {ge G\p{g) G 0(G)} = {g\X{G,g) + 0}. 
If V G X{G) then 

(10.2) Lz/t§(^)(5^) = c-^x(fi^) X-\h)m, 

heX(G,g) 

with c G Z given by Definition 18.11 In particular Lift^('?/') (g) = for g ^ S. 
Suppose g E S and iix h E X{G,g). Then 

(10.3) Ltft^ijig) = c-'x(9)x-\h)i,ih) ^ X-\t)m- 

{tec I </.(*)=!} 

Thus Lift^V' = unless x{t) = i^if) for all t G Ker(0). Assume this holds. 
For g E S choose h G X{G, g) and define 

(10.4) Mg) = xmWxih)-'. 

This is independent of the choice of h E X{G,'g), so ipQ is a well defined 
genuine character of S, and it follows immediately that 
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(10.5) Ltft^mg) 



^ g^S^ 

c-i|Ker(0)|^o(?) 9 & S. 



It follows easily from the induced character formula that 

(10.6) Lift§(7/;) = c-^|Ker(0)||G/Sr^Indf(^o). 
By induction by stages we have 

(10.7) Indf (V^o) = IndJg)Indy^HV^o) 

In order to identify this as a sum of characters of G, we use the following 
elementary result. 

Lemma 10.8 (H], Proposition 2.2) Let tjj G Xg{Z{G)). Then there is a 
unique irreducible genuine representation r = t{iI)) of G such that t\^^q^ is a 
multiple ofip. The map ip is a bijection between Xg{Z{G)) and the 

set of equivalence classes of irreducible genuine representations of G, and 

Ind'l^^^ij=\G/Z{G)\^T{^). 

The dimension ofT{ip) is \G/ Z{G)\^ ; in particular this is an integer. 
Let 

(10.9) Xg{Z{G)M = {V^ e Xg{Z{G)) I = ^o}. 
By Frobenius reciprocity we have 

(10.10) Lift§(^) = c-i|Ker(</.)||G/5|-i|G/Z(G)|^ ©^W" 

By ( 18. 2p the term in front of the sum is equal to 1 (of course we defined c 
precisely to make this hold). 

We summarize these results. As defined, Lift^(^/') is a class function on 

G, which by f llO.lOl) ) the character of a representation. We identify Lift^(?/') 
with this representation. 
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Proposition 10.11 Fix x ^ -^gi^iCr)) and x ^ ^{G), and use them to 
define Liftg. Fix^p G X{G). Then Liftg(V^) ^ if and only if x{t) = ^(t) for 
allt G Ker{(f)). Assume this holds. Define ipQ as in fll0.4p and Xg{Z{G).,ipQ) 
as in fll0.9p . Then 

(10.12) Liftf(^)= 

^eX9(z(G),^o) 

This is an identity of genuine representations of G; the right hand side is the 
direct sum of \p{Z {G)) / (j){G)\ irreducible representations. The differentials 
satisfy 

(10.13) d^=hdij-dfi) 



where d^ = dx — 2(ix G 0(C)* as in (6.36)(c). 

In particular assume C is chosen so that (f){G) =p{Z(G)). Then Xg{Z{G),ilJo) 
consists of the single character ipQ, and 

(10.14) Lift|(V^) =?(^o). 

If it is necessary to indicate tlie dependence of Liftg on x and x we will 
write 

(10.15) Lift|(x,X,^) = Lift|(^). 

Corollary 10.16 Fix {x,x) '^^ above, and let ip be a genuine character of 
Z{G). Then there is a unique character ip of G such that T{tp) occurs in 
Liftg(x,X,^)- li is given by 

(10.17) ^{h) = x{h){iix-'){m) {heG). 

Example 10.18 Let G(C) be an algebraic torus with connected real points 
G and let G be a two-fold cover. Then G = Z{G) is also abelian. We may 
as well take G = G. Let x be any genuine character of G, and let x = X^- 
Suppose ip G X{G). Using Proposition 110.111 Lift^(^) 7^ if and only if 
(110. 4p gives a well-defined genuine character ip of G. It is easy to see that in 
this case ip is the unique genuine character with ip = ip"^. 

Therefore, with this choice of (x, x), LiftQ^ip) 7^ if and only if ip has a 
genuine square root ip on G, in which case LiftQ{tp) = ip. 



57 



11 Example: Minimal Principal Series of Split 
Groups 

Now assume {G, G, G) is an admissible triple where G is split. Let Hg be a 
split Cartan subgroup of G, let $ denote the roots of Hs, and let W = W{^). 
Fix a set of positive roots and choose {Xs,Xs) ^ S{G, Hs,^~^) (cf. 16. 4p . 
Let p = p($'^) and define as in Definition 17. II accordingly. 

Corresponding to each character ip of Hg is a principal series representa- 
tion tt{iP) of G. Its character Qn{i}) is supported on the conjugates of Hg and 
satisfies 

(11.1) e.(^)(/i) = i%(^)r^ E ^(^^) ^ ^1)- 

We wish to compute Lift^(7r('?/')). Using (19.131) it is clear that Lift^(67r(^))(5') = 

unless g is conjugate to an element of Hg. 
Suppose g & H'g. Then by (19.131) 

(11.2) Liftg(e.(^))(5^) = J2 ^§ih,9)\\DG{h)\"- J] ij{wh). 

heX(Hs,g) "'GVK 

Suppose h G X{Hs,g). From the definitions we have 

(11.3) A§{h,g)\D^m-'^ = \DQ{g)\-^\e^{h)\xs{9)x:\h). 
If w E W then wh G X{Hs,wg) and by Lemma 17. 131 we have 

(11.4) A^ihMDcM"^ = A§{wh,wg)\Daiwh)\-l 
Therefore Liftg(9,r(V'))(5') = 

(11.5) c-^ \DGiw9}\'^Xs{wg) ^ \e''{wh)\Xs\wh)-^{wh). 

«'Gty h€X(Hs,g) 

Since Xs E Xg{Z{Hsj) and Xs\g~^\ G X(iJs), we can use the pair iXs,Xs\€-~'^\) 
to define Lift^' as in ^ |TOl By Proposition 110.111 and a short calculation, we 
can write 

(11.6) Lift§(e.(^)(5^) = \DQ{g)r'' Yl Lift|(^))(«;50. 
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By Proposition 110.111 the lift is non-zero if and only if 



(11.7) ij{h) = \e~^{h)\xs{h) {heH„m = ^)- 

li h = rria then by (16.21) (b) the right hand side is trivial ((^^x = 1 since there 
are no complex roots). Therefore Lift^ = independent of the choice of 
transfer factors unless ip{ma) = 1 for all a G $. 

Assume (111.71) holds. We apply Proposition 110.111 to the summands of 
( fTTe]) . Let S = p-\(l)(Hs)) C Z{Hs) and let n = \Z{H,)/S\k Define a 
character of S: 

(11.8) Mg) = Xs(9)Hh)xsih)-'\ePih)\ 
where (f){h) = p(g). Write 

(11.9) E X,{Z{H,)) I = ^o} = {V^i, • • • , V^n}. 
By Proposition 110.111 

n 

(11.10) Lift|(^) = ^7r(r(t^,)) 

4=1 

and plugging this into (111.61) gives 

n 

(11.11) Lift§(e.(^))(5^) = \DQ{g)\-'^ Yl E ^riA)('^9). 

i=l w&W 

It is straightforward to identify the right hand side of (111. lip with a sum of 
principal series characters. 

Suppose T is an irreducible genuine representation of Hg. Associated to 
r is a genuine principal series representation 7r(r) of G; see Section [16] for 
details. Then Q^ir) is supported on the conjugates of Z{Hs), and for g E H'^ 
we have 

(11.12) e.(,)(5^) = \DQig)\-'^ Yl Tr(r(^^). 

Write T = t{iP) for ip a genuine character of Z{Hs) as in Lemma flO.81 and 
let T^lip) = 7r(r(^/')). Comparing (111.111) and (I11.12p we obtain the following 
result. Let fi = fi{Xs, Xs) = dxs — '^dxs ~ P ^ 3(C)* (Definition 16. 35p . 
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Proposition 11.13 Fix {Xs,Xs) ^ S{Hs) for {G,G,G), and use this to de- 
fine Lift§. Define Lift^= using {Xs,Xs\e~^\) G S{Hs) for {Hs,Hs,Hs). Sup- 
pose ip G X{Hs). Then Lift^(7r('?/')) = unless (111.71) holds, so assume this 
is the case. Define ^,S,n= \Z{Hs)/S\ and {ipi, . . . jipn} as above. Then 

n 

(11.14) Lift|(7r(^)) = 5^7r(^,)- 

1=1 

Each term in the sum has infinitesimal character ^{dip — fi). 
Conversely, forip G Xg{Z{Hs)) define 

(11.15) ij{h) = \e-P{h)\xs{h){iix7'mh)) {heH). 
Then occurs in Lift^(7r(-?/')). 

Remark 11.16 Note that C S C Z{Hs) = Z{G)H^. This imphes 
dipi = ^{dip — fi) (independent of i) and that the restrictions of the ipi to Z{G) 

are distinct. Therefore the principal series representations 7r{ijji) occuring in 
(111.141) have distinct central characters, and are a fortiori not isomorphic. 

Example 11.17 Suppose G{C) is simple and simply connected. In this 
case lifting is canonical (cf. Section [5]) and fi = 0. Also Z{G) = Z{G) and 
\Z{Hs)/H^A = \Z{G)\. In fact \Z{G)\ = 4 (in type Dsn), 2 (in type A2„+i, 
D2n+i or E-j) or 1 otherwise. See [II Table I]. 

Suppose G = G. Then S = and n = \Z{G)\. By (fTTTI) Liftg(7r(^)) ^ 
if and only if '7r(^) is spherical. Thus the lift of the spherical principal series 
representation with infinitesimal character A is the sum of the n genuine 
principal series representations of G with infinitesimal character A/2. 

On the other hand suppose C = Z{G); this is allowed by Lemma [3.151 
Then S = Z{H), and the lift consists of a single principal series. 

Example 11.18 We specialize the preceding example. Suppose G = G = 
5L(2,M).^Write H, ~ and suppose ip^{x) = Then i/, ^ U iM^. 
Suppose ip^ix) = \x\'^ and ip^^i) = ±i. Then 

(11.19) Lifti(7r(V^,)) = vr(t^+ ) + 7r(^; ). 
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Note that Z{G) = {±1, ±«} and ip"^ have different central characters. Also 
note that the character of iri'ip'^) + vr(-?/;~) vanishes on iW^ . In this case 
= Hi _ 

Now take G = PSL{2,R) ~ S0{2,1). Then (see Example [HID : 
if s Hs is an isomorphism. By flll.7p the lift of any principal series of G 
is non-zero. With the obvious notation we have 

(11.20) Lift|(7r(^±)) = 7:{i,^/,). 

12 Example: Discrete Series on the Compact 
Cart an 

Suppose G = G is connected, semisimple, acceptable, and equal rank. We 
assume also that G is connected. Let if be a compact Cartan subgroup of G. 
We compute the character formula for the lift of discrete series representation 
restricted to H . 

The group H is connected. Suppose A G f)(C)* satisfies (A, a^) G Z^o for 
all roots a. Associated to A is a stable sum of discrete series, 7r^*(A) of G, 
whose character 0ffat(;^) satisfies 

(12.1) e.s.(,)(/.) = (-l)''A($+, h)-' Yl e(^)e"''(/i) {h G H'). 

Here $+ = $+(A) = {a \ (A, > 0} and g = i dim(G/is:). 

Suppose {h,g) G X{H,H). By Definition EIT] (see (KM ) the transfer 
factors are canonical, and given by 

A(h 

(12.2) A(fc,g) = ^Ll_Jr(ft.g). 

By ( TTO) and (l97[3l) we have: 
(12.3) 

W h£X{H,g) 

Define Lift^ using lifting data (x, X^) as in Example 110.181 Then the 
inner sum is equal to c(ii)Liftf (e'"^)(5^). By Definition [HII]G(ii) = c{H)/c, 
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so 

(12.4) Liftg(e..(,))(5^) = C(if)(-l)''A(5^,<|.+)-i5^eHLift|(e"'^)(fl^). 

w 

By Example [T0ll8]Lift^(e"'^) ^ if and only if e"'^/^ 

is a genuine charac- 
ter of H. Let be the set oiw &W for which this holds. Assume ^ 0. 
By replacing A with w\ we may assume 1 G Then 

(12.5) W# = {w ^W\w^-^^X\H)} 

where X*{H) is the character lattice of H. From Lemma [3.21 it is clear that 

(12.6) W{G,H) = {weW\w^-^eR}cW#. 
where R is the root lattice. A short calculation gives 



(12.7) Lift^(e^.t(,))(5?) = 

weW{G,H)\W# v&W{G,H) 

For each w G W^f^ the summand is the formula for the character of 
7r(i/7A/2), the genuine discrete series representation of G with Harish-Chandra 
parameter w A/2. Therefore 

(12.8) Liftg(e^s.(,))(5^) =C(i/) Yl 0-M/2)(fi^) (geH'). 

w£W{G,H)\W# 

Since formulas for discrete series characters are more complicated on non- 
compact Cartan subgroups, we will not directly compute Liftg(0^st(-;^))(5i) for 
g in an arbitrary Cartan subgroup. In Section [H] we will use results of Hirai 
and Harish-Chandra to show that the lift of a stable, supertempered eigendis- 
tribution on G is a supertempered eigendistribution on G. Thus both sides 
of (112.81) are supertempered eigendistributions. Now a theorem of Harish- 
Chandra that says if two supertempered eigendistributions on G agree on 
the compact Cartan subgroup, they are equal. This allows us to conclude 
that ffT^ is valid for all g G G'. See Section M 



62 



Remark 12.9 If w G W{G,H)\W# then w| - f G X*{H)/R ~ zJCiC)). 
Since G is of equal rank Z{G{C)) = Z{G). Therefore tt{wX/2) and 7r(A/2) 
have distinct central characters, and the terms in (112. 8p are a fortiori not 
isomorphic. Compare Remark 111.161 

Example 12.10 Let G = Spin{2p, 2q), and write A = (oi, . . . , a^; 6i, . . . , bg) 
in the usual coordinates. Then the lift is non-zero if and only if all Oj are even, 
and all 6j are odd, or vice-versa. If p ^ q then the sum is a singleton, and 
Lift^(7r(A)) = G{H)tt{X/2). li p = q then the sum consists of two elements, 
A/2 and A'/2 = . . . , 6^; ai, . . . , Op). 

Example 12.11 Suppose G is compact, so G ~ G x Z/2Z (which is admis- 
sible, but not connected). Then vr(A) is the finite dimensional representation 
with infinitesimal character A. The calculation of LiftQ(7r(A)) is the same 
as above, except that Lift^(e"'^) 7^ if and only if e^^^"^ is a character of 
H, in which the genuine square root of e*"^ is e*"^/^ ® sgn. In this case 
W = W{G, H) = W# so the sum on the right hand side of (112.81) has one 
element. Thus 



if A/2 G X*{H), or is otherwise. 
Also see Example 118.261 

13 Invariant Eigendistributions 

In this section we review results of Hirai and Harish- Chandra on invariant 
eigendistributions. In the next section we apply these results to study hfting 
from G to G. 

Througout this section we assume G is a group in Harish-Chandra's class 
(see the Appendix). This holds for the groups {G,G,G) in an admissible 
triple (see the beginning of Section (IT^ ). Let if be a Cartan subgroup of 
G. Recall H' is the set of regular elements of H and suppose F : if' — > C is 
differentiable. Corresponding to X G f) is the differential operator 



(12.12) 



Liftg(7r(A)) 



7r(A/2) O sgn 



(13.1) 



DxF{h) 



dt 



F{hexp{tX)) {h G H'). 
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Fix a set of positive roots with corresponding p = p($"*"). Then we also 
define 



:i3.2) D^^Fih) = I 



e<P''^>F{hexp{tX)) {h e H'). 

t=o 



The map Dx Dx =< Pi^ > +Dx can be extended to an automorphism 
D^DP of 5([)(C)). 

Let be a character of the center 3 of the universal enveloping algebra 
of 0(C). Using the Harish- Chandra homomorphism we identify u with a 
character of /(f)(C)) = 5(f)(C))^. 

We say F : H' C satisfies condition (CI, z/ ) if F is real analytic 
on H' and 



(Cl,$+, u) DPF{h) = y{D)F{h) {h eH',De /({)(C))). 

Let H'{R) = {heH\ e"(/i) ^ 1, a G $ J. We say F satisfies condition (C2) 
if 

(C2) F extends to a real analytic function on H'{R). 

Let G' be the set of regular semisimple elements of G, and suppose 9 is 
a class function on G'. With ($"•", h) defined as in (15. ip let 

(13.3) '^{H,<l>+,h) = A\<^+,h)e{h) {heH'). 

Assume ^(i/, $+) satisfies (CI, ) and (C2). 

Let a be a simple root of Let J be the corresponding Cayley trans- 
form of H as in Section HI Choose c G Aut(0(C)) satisfing (14.141) (a) and 
(b), and let (3 = c*{a) be the imaginary root of J corresponding to a. Let 
$+ = c*<l>+ and pj = p($j). Let H{a) be the set of h e H such that 
e°(/i) = 1, but e^{h) =^ 1 for all 7 ^ ±a. 

Fix h G H{a). Then /iexp(tQ;^) G if' for 7^ t sufficiently small, and 
there are well-defined one-sided limits 

(13.4) DP^t^{H, $+, K) = hm D^^^^iH, $+, /lexp(to^)). 

Note that G j and G J'(i?). Thus D^^i = -iD^^^ is defined as in ffT3:2|) . 
and ^^^^(J, /i) is defined. We say ^(if, $+) satisfies condition (C3) if 
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(C3) [D"^^ - /^^:v1vI/(//, $+, h) = 2D^ivl/(j, $+, h) (h e H{a)). 

The following theorem was proved by Hirai [15] , [17] assuming two extra 
conditions (see the Appendix) which may fail to hold in our situation. In 
the Appendix we extend Hirai's theorem to a class of reductive groups that 
includes Harish-Chandra's class. 

Theorem 13.5 (cf. Theorem 120. 23( ) Let Q he a class function on G' and 
let V he a character of 3- Then is an invariant eigendistrihution with 
infinitesimal character v if and only for every Cartan suhgroup H of G and 
every real root a of H , there is a choice of positive roots $^ such that a is 
simple for and the function \E'(if, $+) satisfies conditions (CI, 
(C2) , and (C3). 

Moreover, suppose 6 is an invariant eigendistrihution. Then $+) 
satisfies (CI, $^,z/^ and (C2) for every choice of , and satisfies (C3) for 
every choice of such that a is simple for $^ . 

We now review some results of Harish- Chandra. Write G = i^'exp(p) 
where K is a maximal compact subgroup and g = 1^ © p is the Cartan de- 
composition. Let II ■ II G be a Euclidean norm on p and define 

(13.6) ToikexpX) = \\X\\, keK,X ep. 

Let B be an invariant eigendistrihution on G. Then by §12 of [TT], is 
tempered if and only if for each Cartan subgroup H of G there are numbers 
G,r > 0, so that 

(13.7) \D{h)\-2\e{h)\ < G{1 + rG{h)Y, h e H', 

(see 15.11 for the definition of \D(h)\^). 

Let 3 be the center of g. As in [llj we can decompose G = ^GZp where 
has Lie algebra [0,0] © (3 fl 6) and Zp = exp(3 fl p). Let 6 be an in- 
variant eigendistrihution on G. We say B is relatively tempered (relatively 
supertempered) on G if its restriction to °G is tempered (supertempered) on 
^G. By §4 of [I2], is supertempered on °G if and only if for every Cartan 
subgroup of °G and every r > 0, 

(13.8) sup \D{h)\^Q{h)\{l + TGih)Y < 00. 
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We will also use the following result from §4 of [12]. 

Theorem 13.9 IT^ Assume that G has a relatively compact Cartan sub- 
group B and let Q he a relatively supertempered invariant eigendistribution 
such that 6(6) =0,be B' . Then 6 = 0. 



14 Lifting of Invariant Eigendistributions 

We now return to the context of lifting. Suppose (G, G, G) is an admissible 
triple. We note that each of the groups G, G, and G are in Harish-Chandra's 
class (see the Appendix). For G and G this is immediate. For G note 

that Centg(G°) = Z{G) by (gSl). Therefore Ad(G) ~ Ad(G), so G also 
satisfies Condition A of the Appendix, and the remaining conditions are 
easy. Therefore the results of Section [13] apply. 

Fix a maximally split Cartan subgroup Hg of G and lifting data (xs, Xs) G 



S{Hs) as in Definition 17. II Recall fi G 3(C)* is given by (6.36)(c). Let 6 be a 
stable invariant eigendistribution on G. Define 6 = Lift^6 as in Definition 
I9.10j 6 is a genuine class function on G'. 

Theorem 14.1 Let Q be a stable invariant eigendistribution on G with in- 
finitesimal character v. Then Lift^6 is an invariant eigendistribution on G 
with infinitesimal character {u — fi)/2. 

We apply Theorem 113. 5[ We need to show that conditions (Cl-3) hold. 
Let if be a Cartan subgroup of G, and let be a choice of positive 
roots. Define 

(14.2)(a) ^(H,<t>+,h) = A\<^+,h)Q{h) {hell'), 



(14.2)(b) ^{H,^-^,g) = A\^^,g)Qig) (g e H'). 

The second part of Theorem 113.51 says: 

Lemma 14.3 ^'(i/, $+) satisfies conditions (CI, $~'",z/j and (C2) for every 
choice of . Let a G Then \l'(iJ, $+) satisfies condition (C3) for any 
choice of such that a is a simple root for . 
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We now verify conditions (C1)-(C3) for $+). We begin with (CI). 

Note that /i defines a character of /(f)(C)) = S'(f)(C))^ and also by the 
Harish- Chandra homomorphism a character of 3- Assume is a special set 
of positive roots. 

Proposition 14.4 For all D e /(f)(C)) and g e H' , 

DP^{H,^+,g) = ((z/-/i)/2)(Z})vl/(i7,$+,5^). 

In other words "^{H, $+) satisfies condition (^Ci, — ^)/2). 

Since H,H and are fixed we write '^(g) = $+, gf) and "^{h) = 

^(H, $+, h). Let r = T{H, $+) (DefinitionEisD. Thus for {h,g) G X(H, H), 
^ih,g) = x(9)x^\h) where {x,x) ^ S{H, ^+,Xs,Xs)- 

Lemma 14.5 For all g E H , X E i) such that gexpX E H' , 

^{g^X)=c-^ J2 T{h,g)e-<P+^''^/^>^{hexp{X/2)). 

heX(H,g) 



Proof. Let g E H' . Recall the definition of X{H,g) ( |5.3)(c[ ). From the 
definitions it is clear that 

heX(H,g) 

FixgEH,XEi) such that gexpX E H'. Then 0(exp(X/2)) = expX so 
X(H,g^X) = {hexp{X/2) : h E X(H,g)}. 

Thus 

$(5^SpX) = J2 r(/i,5?)r(exp(X/2),SpX)^(;iexp(X/2). 

heX(H,g) 

But 

r(exp(X/2),SpX) = e<2'^^-'^>^'^/2> = e-</'+^'^/2> 



by ( |6.36)(c[ ). □ 
Proof of Proposition 114.41 
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It follows from Lemmas 114.31 and 114.51 that is real analytic on H'. 
Suppose X G {) and t G M. Using Lemma 114.51 we have 

e<P''^>^{g^tX) = c-^ J2 r(/i,5^)e<''"'^'*^/2>^(/iexp(tX/2)). 

h&X(H,g) 

Thus 

heX(H,g) 

First assume X G 3. Then Dx/2 e /(f)(C)), so D''^^^'^{h) = u{X/2)'^{h) 
by Lemma [14.31 Thus 

D'^^(g)=c-' Yl ^ih,g)<u-i^,X/2>^{h) = {{u-fi)/2){Dx)^{g). 

heX(H,g) 

By induction we see that 

(14.6) D^^ig) = {{u - fi)/2)iD)^(g) for all D G ^(^(C)). 
Now suppose X G f)^. Then < fi,X >= 0, so 

(14.7) DPxm = Y, E m9)D''xnh). 

heX(H,g) 

Now suppose Y G replace 'g with 'gex^itY), and multiply both sides 
by e^^'*^^ The right hand side is 

(14.8) e^"'*^^^ r(/iexp(tr/2),^Sp(tF))D^^(/iexp(tF/2)). 

h(^X(H,g) 

As in the proof of Lemma 114.51 we can write 

r(/iexp(tr/2),^Sp(tF)) = r(/i,5^)e<-'''*^/2> 

and we see 
(14.9) 

e(p,ty>/)P = 1 T{h,g)e^P^'^'^^D''^^{hGx:p{tY/2)). 

h£X(H,g) 
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Taking the derivative and evaluating at t = we see 

(14.10) D^Z}^$(fi^) = l 5^ V{hrg)D'^D''^nh). 

h&X(H,g) 

By induction we conclude that for D G /(P)(i(C)), homogeneous of degree /c, 
we have 

heX(H,g) 

(14.11) =¥-0^^^^ ^ mmh) 

= iu/2)iD)m ^ 

The last equality comes from the fact that /^(-D) = 0. 

We have /(t)(C)) = J(t)rf(C))S(3(C)), and the result follows from (fTmi) 
and (^SM. □ 

We now consider condition (C2). We continue to write "^(g) = "^{H, ^~^,g) 
and ^(/i) = ^(F, $+, h). Recall 

(14.12) H'{R) = {geH\ e'^ig) ^ 1, a G 

Proposition 14.13 \1/ extends to a real analytic function on H'{R), i.e. \l/ 
satisfies condition (C2). 

Proof. Since the restriction of G to if is supported on Z{G)H^, \1/ is also 
supported on Z{G)H^. Fix t G Z{G)T^. If is a set of positive roots of 
let 



(14.14) C($+) = {X G a I a(X) > for all a G $+}. 

Then the connected components of tH^r\H'{R) are of the form tT^exp{C {^^)) . 

Fix /i G X(H,t). Note that for all a G <I>r, e2°(/i) = e°(?) = 1, so 
that e"(/i) = ±1. Let ^r{h) = {a G <l>r | e"(/;,) = 1}. Then the connected 
components of hlfnH\R) have the form /iT°exp(C(<l>+(/i))) with C(<l>+(/i)) 
defined as in (114.141) . 
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Given let <l>+(/i) = $+ n $^^). If X G t+ C($+) then X/2 G t + 
C($+(/i)). Thus X ^ e<-^-^'^/2>^(/iexp(X/2)) extends to a real analytic 
function on t + C($^). Therefore 

(14.15) r(/i,?)e<-''-^'^/'>W(/iexp(X/2)) 
hex(H,T) 

extends to a real analytic function on t + C($^). 

By Lemma [14. 5[ for all X G f) such that texpX G iJ', 

(14.16) ^(tSpX)=c-^ J2 r(/i,?)e<-''-'''^/^>"^(/iexp(X/2)). 

/iGX(77,?) 

By (114. 15p there is an open neighborhood [/ of t in tT'^ such that \& extends 
to be real analytic on f/exp(C($^)). □ 

We now turn to condition (C3). Fix a G $r and let J be the Cayley 
transform of H as in Section HI Choose c G Aut(g(C)) satisfying (I4.14p (a) 
and (b), and let /3 = c*{a). 

Lemma 14.17 Assume that is a special set of positive roots, a G 
and that $j = c*$"'' is also special. Then a is a simple root for 

Proof. A basic property of Cayley transforms is that for any root 7 of H, 
cr(c*7) = c*{saO"y)- Suppose 7 G 7 7^ a. Then 

(14.18) a(c*7) = c*(s„7). 

If (7,aV) = then 5^(7) = 7 G $+. If (7,0^) 7^ then c*7 G and by 
(114.181) c*7 is complex. Since $j is special a (0*7) G $j, and so by (114.181) 
again Sa'j G Therefore Sa'j G $^ for all a 7^ 7 G so a is simple for 
$+ □ 

Proposition 14.19 Suppose zs a special set of positive roots for H , such 
that $1 is a special set of positive roots for J. Let g G H{a). Then 

r/iat \l/(if, $"•") satisfies condition (C3). 
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Proof. Define T{H, $+) and T{J, $+) as in Definition ESSl 
By fflTTj) we have 

hGX(H,g) 

like X(H, g) then for all 7 G $ by (1330D we \iaMe_f^{h) = eVJj). Thus 
e"(/i) = ±1 and e^{h) ^ ±1 for all 7 ^ ±a. Thus X{H,g) = X(H,g, a)+ U 
X{H,g,a)- where 

(14.20) X(H,g,a)± = {h e X(H,g) : e"(/i) = ±1}. 
Suppose that h G X{H,g,a)^. Then /i is regular so that 

(14.21) D^'v+vI/(F,<|.+,/i) = Z}^'v-vl/(:^,$+,/i) (/i G X(:^,5^,a).). 
On the other hand if h E X{H,g, a)+, since "^{H, $+) satisfies (C3), 

(14.22) - /^^•v-]v^(:ff, $+, /i) = 2D'^i^(j, $+, /i) 

where (3 = c*a. Therefore 

(14.23) (a) 

[Z}^'+ - DP^-]^{H, <^+,g) = Yl r(i/, $ +, /i,fi?)D^^vl/(j, $+ /,). 

/iGX{ir,g,a)+ 

On the other hand, by (114. 7p applied to J 
(14.23)(b) 2D^-^vl/(J,$+,5?) = c-i 5^ r(J,<|.+,6,5^)D^ivI;(7,$+,6). 

6GX(J,g) 

Write X( J, gf) = X( J, ^f, /3)+ U X{J, g, /3)_ as above, so we have 

2i;J^^(J,<|.+,5^) =c-i 5^ r(J,$+,6,5^)D^^^(J,$+,6) 

(14.23)(c) ^^^^^'^'^^^ 

+ c-^ 5^ r(J,$+,6,5^)D^^vl>(j,<|.+ 6) 

fcGX{J,g,/3)_ 

Suppose G X{J,g,P)^. Then h E H, so h E X{H,g,a)+, and 
X(J,5^,/3)+ = X(F,5^,a)+. AlsobyLemmaE37|r(if,<l>+,/i,5^) = r( J, $+, /i, 5^). 
Therefore 
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(14.23) (d) ^'^xm,^). 

+ C-' r(J,<|.+,6,fi^)D^^v]/(j,$+ 6) 

feGX{J,3,/3)_ 

It is enough to show the second sum on the right hand side is 0, for then the 
result follows from (14.23) (a) and ( 14.23) (d). We restate this as: 

Lemma 14.24 Suppose a is an imaginary noncompact root and g G H{a). 
Then 

(14.25) Yl nh,g)Da^'^(H,^^,h) = 0. 

/iGX(77,g,a)_ 

Proof. Since H and $+ are fixed let "^{h) = ^^(iJ, $+, /i). Let w be the 
reflection in a and suppose h E H . Since a is imaginary e^j ($'*', w/i) = 
eR{^~^,h), and since is stable Q{wh) = Q{h). Furthermore since e{w) = 
-1, 

A°($+,«;/i) = -eP-'"f'{h)A\^+,h). 

Thus 

'^(wh) = -eP-'"^{h)'^{h). 
Now assume h G X{g,a)^, so e"(/i) = —1. Then 

(14.26) wh = /ie5q)(7rza^). 

Therefore (piwh) = p(g) and e^{wh) = —1, so wh G X(g,a)-. Also, for all 
t G M, 

(14.27) e<'''**"">^((w/i)exp(ito^)) = -e''-"'''(/i)e<'''-**"">'^(/iexp(-ito^)). 
It follows from this and the definitions that 

(14.28) D'^y^iwh) = e''-""'(/i)L>^v^(/i). 
From (114.261) we have eP-'^P^h) = (-1)^^''"'') and 

(14.29) TiwKg) = = ^] . = r(/., fi^)(-l)<'^>^'"^>, 

X{wh) x(^)x(exp(7r2aV)) 
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where (x, x) e S{H, ^+ ,Xs,Xs)- Thus 

(14.30) r{wh,g)D'^,^i/(H,wh) = {-l)<''^+''''''>T{h,g)D'^.^(H,h). 
By O 

{dx + p, a^) = {2dx + 2p, a"") = {2dx, a"^) (mod 2). 
By [31 Section 7] (2(ix, a^) = 1 (mod 2). Therefore 

(14.31) T{wh,g)D'^,^(H,wh) = -T{h,g)D'^.^(H,h). 

Therefore if wh ^ h then the two terms cancel, and if wh = h, D^v'^ih) = 0. 
□ 

This completes the proof of Proposition 114.191 □ 
Theorem 114.11 follows from Theorem 113. 5[ Propositions 114.41 114.131 and 

Remark 14.32 The only place that stability is used in the proof of Theorem 
114.11 is in the proof of Lemma 114.241 

It is easy to see that lifting preserves the property of being relatively 
tempered and supertempered, and (provided /i G i^*) tempered. 

Proposition 14.33 Let Q be a stable invariant eigendistribution on G. 

1. If Q is relatively tempered then Lift^O is relatively tempered. 

2. IfQ is relatively supertempered then Lift^O is relatively supertempered. 

3. Assume /i G 23*. IfQ is tempered then Lift^O is tempered. 

Proof. Since G and G have the same Lie algebra, we can use the same 
Euclidean norm || • || on p to define both Th and rg. 

Assume B is tempered and p E ii* . Let f) be a Cartan subalgebra of 0. 
Fix g E H' and write g = texpX where t G T',X G a. Then T^{g) = 
Further, for any h E H such that (f){h) = p(g), we have h = texpX/2 where 
t G T with 0(t) = p(t). Thus Tnih) = \\X/2\\ = TQ{g)/2. 
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Now, using fl7.8p (d) and fll3.7p applied to G, there are C,r > such that 
\D{gt^\&{g)\<c-' J2_ \D{g)\^\A§{h,g)mh)\ 

h£X(Hg) 

= c-' J2_ \D{ht^\e{h)\<c-'[H,]Cil + TQig)/2Y, 

heX(Hg) 

where Hi = {h E H : (j){h) = 1}. Thus there is a constant C such that 

\D{gt^\e{g)\<C'{l + r^{g)r 

for all g G H'. Now O is tempered using (113.71) applied to G. This proves 
(3). 

Part (1) is similar, using the fact that by fl7.8p (c) \D(g)\2\A^{h, g)\ = 

\D(h)\^ for any choice of (Xs^Xs) provided 1) G ^G. Part (2) is also similar, 
using ffTOD in place of fnXTj) . □ 

15 Cuspidal Levi Subgroups 

Let {G, G, G) be an admissible triple, and fix a cuspidal Levi subgroup M of 
G. Let M = p^^{M), and M = p(M). These are cuspidal Levi subgroups of 
G and G respectively. 

Proposition 15.1 {M,M,M) is an admissible triple (Definition \3.14\ l- 

Proof. It is well known that M is the set of real points of the connected 
reductive complex group M(C) and that Md{C) is acceptable, and it is clear 
that every simple factor of M(C) is oddly laced. Let be the set of roots 
of H{C) in M(C) where H = TA is a relatively compact Cartan subgroup 
of M. Since G is an admissible cover of G, every noncompact root in $m is 
metaplectic. Thus p : M — ^ M is also an admissible cover. Further, M is 
the set of real points of M(C) = M(C)/C, where G C Zo{G) C Zo{M) with 
= 1 for all c G C. This leaves only condition 3(c) of Definition 13.141 
Let be a special set of positive roots for H inG and let $^ = $+n$A/- 
Let p = p($+) and pm = p($m)- Then p-pM is zero on t. But GnM^ C T°, 
so that e^{c) = e^^'{c) for all c G C fl M^. Thus if x is a genuine character 
of Z(M), then x^{c)eP^'{c) = x\c)eP{c) = 1 for all c G C n M^. □ 
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Suppose H is an arbitrary Cartan subgroup of M. Let $ and $m be the 
sets of roots of H{C) in G(C) and M(C), respectively. Let be a special 
set of positive roots of $, and let $^ = fl This is a special set of 
positive roots of $Af- Suppose x is a character of H. Define 

(15.2) x^,(h) = \eP-'-Pih)\xih) (heH). 

To be precise we are writing |e''"~''(/i)| for |e^^^^~^^(/i)|5. Note that C 

so 2pA/ — 2p is a sum of real and complex roots; since is special this takes 

real values on (). Therefore pu — P exponentiates to H , and 

(15.3) \ef^''f'{h) \ = eP^'~'\h) {h e if). 

In particular let Hg be a maximally split Cartan subgroup of M. This 
is also a maximally split Cartan subgroup of G. Let $^ be a special set of 
positive roots for Hs{C) in G{C). Let ^m,s be the roots of Hs{C) in M(C), 
and let $+ ^ = n 

Lemma 15.4 Fix {Xs,Xs) e ^(i/^,*^). 

Let = (Xs)a/ Tc/. Hm- Then (x., XmJ ^ S{H,, $+ J. 
(^^j Let H be any Cartan subgroup of M and suppose (x, x) ^ '^(-f/', x^, Xs)- 
T/ien (x, Xm) e >S(if, $1^, Xs, Xm,s)- 

(3) Let p = p{xs,Xs) and pu = p{Xs,Xm,s) (defined with respect to M). 
Then p = pu- 

Proof. Fix /i G (F, n Mdf. Bv _( |T53|) XmM = Xs{h)eP^^-P{h). On the 
other hand since {H, n M^f C (i/^ H Grf)°, by ([63)(a) we have Xs{h) = 
{x^e''){h). Therefore 

(15.5) XAiAh) = Xsih)eP^'-'{h) = (x'eO(/i)e''«-^(/i) = (x^e''«)(/i). 

Therefore 0(a) holds. _ 

Next let Tr(G,H) (resp. rr(M,H)) be the group Tr(H) with respect 
to the group G (resp. M) (cf. (ES])). Then r^(M,;^) C r^(G,^). Fix 
h e Tr(M,H). Then \eP^''-P{h) \ = 1, and by Lemma [625] 

(15.6) XM,.(/i) = Xs(/^) = CUG,H){h) = CUM,H){h). 
This verifies condition fl6.2p (b). and proves (1). 
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Now consider (2). Let Xo be the character of H such that (X;Xo) ^ 
S{H,^^^,Xs,Xm,s) (cf. Proposition 16.311 and Definition 167351) . We need to 
show Xo = Xm- We may assume Ac As. Recall H = r{H)Z{G)Hl First 
assume h G T(H)Z(G) C T(Hs)Z(G). Then \eP^''P{h) \ = |e''«.»-^^(/i)| = 1, 
so XM{h) = x{h) and XM,s{h) = Xs{h). Therefore 

Xo{h) = {x/Xs){m)XMAh) (by mM) 
. . = {x/Xs){m)Xs{h) 

^ ■ ^ = X{h) (by mM) 

= XMih). 

Now suppose h = (H H Mdf C Then x(/i) = {x^eP){h), and 

(15.8) xo(/^) = {x'e'n{h) = (xe-'e^nih) = XM{h). 

Next let X G P)d n ^Af where Im is the center of m. Write h = expX. 
Then: 



Xoih) = {xlXs){<P{h))xM,s{h) 

= {x/Xsmh))Xs{h)eP''-''''{h) 

= {xixs){m)ixy'meP''''-p^{h) 

= (x/x.)(exp2X)(xD(expX)e<^-^>e<''«--''-^> 



But (x/x.)(exp2X) = (x/Xs)^(expX). Also < pm,s,X >=< pm,X >= 
since X E ^m- Therefore 

Xoih) = x^(expX) 
(15.10) =x{h)e-<P'^> (by(l62D(a)) 

= x(/i)e<^--'''^> = XAiih). 

The result follows from the fact that = exp({)rf fl })m){H Pi M^f . 

For the final assertion /i = dxs — '^dXs — P and pu = dxM,s ~ '^dxs — Pm, 
and the result follows immediately from (115.21) . □ 

Now fix lifting data {Xs,Xs) for G (Definition 17. 1[ ) By Part (1) of the 
Lemma {Xs,Xm,s) is lifting data for (M, M, M), and we use it to define 
transfer factors and Lift|^. The remainder of this section is devoted to 
proving that with these choices, lifting commutes with parabolic induction. 
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Suppose {h,g) G X{H,H). We need to compare the transfer factors 
defined for G and for M. Recall 



:i5.11)(a) A|(/i,5?) 
;i5.11)(b) Am,9) 



Gf, ~^ ^ e.(/i,1>+)A°($+,/i)x(5^) 
'^^ e.(fi?,$+)A0(<|.+,5^)x(/^) 
M., ~^ ^ 6,(/.,$+)A°($+,/.)x(^) 



Lemma 15.12 Suppose {h,g) G X'{H,H). Then 
(15.13) Ag(^,5^)i^^ = A^{h,g) '^^ 



Proof. We first expand the left hand side, using (15.11)(a) and (5.1)(d) for 
the \D\2 terms. Let be a special set of positive roots. The result is 

erih,<l>^)A%<^\h)\A%<^\g)\\e''{9m9) 
^ ■ ' er{g,^+)A^{^+,g)m^+,h)\\e^{h)\x{hy 

Write and for the real, complex and imaginary roots in 

respectively. Then with the obvious notation 

(15.15) A\h, $+) = AO(/i, <l>+)A°(/i, )AO(/i, $+). 

Then 



(15.16) 

Therefore 
(15.17) 



6,(/z,$+)A°($+,/i) = |A°($+,/i)| 
A°($+,/.) = |A°($+,/z)| 



6,(/i,1>+)A0(«l>+,/^)|A°($+,^)| _ A°($+,/^)|A°($+,^)| 
e,(fi^,<l>+)AO(<l>+,5^)|AO($+,/?0| A0($+,5^)|A0(/i,$+)|' 



A similar argument applies to the right hand side of (115.131) . Since $j = ^M,i 
and the right hand side of (115. 17p only depends on the imaginary roots, we 
conclude 

(15.18^ ^rih,^^m^\h)m<l>\g)\ _er{h,^l,)A^{^i,,^ 



erig, $+) A0($+, 5^) I A0($+, h) \ e^Q, $1,) A0($+ , 5^) | A0($+ , h) \ 
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It remains to show 
(15.19) 



\e'{9)\m 



oPM 



mm 



\eP{h)\xih) \ePM{h)\xMih)' 
Recall Xiviih) = x{h)\e''^~''{h)\. Inserting this it suffices to show 
(15.20) \ef-^^ig)\ = \ef-P^ {h)\'^. 

which follows from the fact that {e^f-^f^ {h)\ = |e^"''*^(0(/i))| = |e''"^*f (5^)]. 
□ 

We can rewrite the Lemma in terms of orbits. 

Lemma 15.21 Suppose O-^ e Orb{M) and e Orb^\M) are strongly 

regular and semisimple, and satisfy 0((!?||) — p{0^y^ . 

Let O^^ be the unique G-orbit containing Oj^ and let be the unique 



stable G-orbit containing O^. Then (t>{0^) — p{Oq)^^, and 



Ag(Of Og)- 



M' 



Lemma 15.22 Suppose Oq e Orb{G) is strongly regular and e Orb {M) 
Let be the unique stable orbit of G containing O^. Then 

(15.23) <P{0§) = p{0^r ^ HO^) = PiOi,j 



\st 



for some M-orbit C O^. Furthermore, if Oq is relevant, then is 
unique. 



pio^r 



^p{0 



\st 



G 



M' 
A 

10 
I 

M 
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Proof. Choose h eM,g E G so that = 0'\M,h) and Oq = 0{G,g). 
Then C| = 0'\G,h). Let h = (p(h) and g = p(g). Note that = 
0{G,g) and = 0''{M,h). 

Except for the final statement the result does not involve G or M, and 

says 

(15.24) O'^'iG, h) = 0'\G, g) ^ 0'\M, h) = 0'\M, y) 

for some y G 0{G,g) fl M. The implication <^= is obvious: y G 0{G,g) and 
y G 0'\M,h) implies C»«*(G,^) = 0'\G,y) = 0'\G,h). 
Suppose 0^*(G',/i) = By [21 Section 2] 

(15.25) C^*(G, /i)/G ~ 0^*(M, /i)/M. 

More precisely if C>^*(M,/i) = UiO(M, /i^) with hi G M, then C>"*(G,/i) = 
UiO{G,hi). Therefore 0{G,g) = 0{G,hi) for some hi G M. Take y = /i^. 
This proves the implication =>. 

Assume that g is relevant. By the preceding paragaraph clearly (9^*(M, h) 
contains a unique M-orbit of the form 0{M,y) with y G-conjugate to G. 
Choose y G p^^iy) so that y is G-conjugate to 'g, i.e. 0{M,y) C Og. It is 
clear that 4>{0^) = p{0{M,y)Y^, and the only other choice is 0(M, —y). By 

Lemma [231(3), since y is relevant, y is not G-conjugate to —y, so C(M, — y) 
is not contained in O^. □ 

We^ continue to work with our given Levi subgroups M and M. Let MN 
and MN be parabolic subgroups of G and G with Levi components M and 
M respectively. Let 0;^ be a stable character of M and let 6^ be a character 

of M . Then the induced characters are independent of the choices of and 
N so by abuse of notation we write 

(15.26) Ind|(e^) = Ind|^(e^ ® 1), ^1(9,-^) = Ind|^(e^ ® 1). 
Theorem 15.27 Let Qj^ be a stable character of M. Then 

(15.28) Ind|(Liftf (9^)) = Lift|(Ind|(e^)). 

Proof. Suppose Oq G Orb(G) is strongly regular and semisimple. Let 
Res~C(5 = {Cj7 I C Oq}. Then for any character of M, the induced 
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character is given by (for example see 
(15.29) Ind|(e,^)(Og) = |Dg(Og)r^ Yl \DM(<^Mt^^M(<^M)- 

C^MeRes|(Og) 

Therefore by (19.111) 

ind|(Liftf (e^))(Og) = E7?F7^^^^'S(0m)(^m) 

(15.30) 

= E E ^f7^^S(^t, o^)e^{o^±). 

The double sum is over 

(15.31) {(Ojy, 0%) I O^, G Res|(Og), <P{0%) = piO^T'} 

Similarly, suppose G Orb'**(G') is a semisimple orbit and let Res^(C||) - 

{0^\Ofj C It is well known that lnd^{QM) is stable, and its has 

character formula 

(15.32) Ind|(e^)(0§) = |D^(0§)|-^ E I^m(^^)I^0m(^I|)- 

0|LgRe4(0-) 

This follows from the previous induced character formula and (115.251) . There- 
fore 

Lift|(Ind|(e^)(Og) = c^^5^A|(0§,0g)Ind|(e^))(0|) 

(15.33) \D—(n^Mk ~ 

G M 

In this case the double sum is over 

(15.34) {(Of, I 0(O|) = p(Og)«t, e Res|(0|)} 
Suppose that is not relevant. Then (115. 33p is zero since there are no 



orbits C»§ satisfying 0(O§) = v{0~f\ Then for all O^^ G Res|r(Cg), C 
is not relevant, so (115. 30p is also zero. 



M 
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Assume is relevant. Since a maximally split Cartan subgroup Hg of 
M is also one for G, cjj = Cq. By Lemma [15.221 both sums are over the same 
set of orbits O^. For each such orbit, the equality of the corresponding terms 
is then given by Lemma 115.211 □ 

By Theorem ll5.27l we see that to understand lifting of standard represen- 
tations of G, it suffices to understand lifting of discrete series representations 
of its cuspidal Levi subgroups. 



16 Modified Character Data 

We describe data which parametrizes L-packets for G, and also data for 
irreducible representations of G. These are provided by character data of 
Vogan. For G see [261 Definition 6.6.1], and for G see |28l Section 2]. For 
our purposes it is convenient to use a modified version of this data. 

First let G be the real points of a connected, complex reductive group. 
Following Definition 6.6.1] we define a regular character of G to be a triple 
7 = {H, r. A) consisting of a 6'-stable Cartan subgroup if of G, a character 
r of H, and an element A E [)(C)*. We assume (A,a'^) G for all a G 
Define $+ = {a e \ (A,a^) > 0} and let $+ = $i n ^i,c (cf. Section [2]). 
Define Pi = \ Yli<s>+ ^ ^^"^ A,c = h ^- We assume 

i ^ i,c 

(16.1) dT = X + Pi - 2pi,,. 

Write H = TA and let M = CentG(^) as usual. Let P be any parabolic 
subgroup containing M. Associated to 7 = {H, F, A) is a relative discrete 
series representation hm = 'n'Mil) of M, and a standard module ncil) = 
7r(7) = Indp(7rM). 

The central character of Ti'Mil) (respectively vr(7)) is T\z(ai) (resp. T\z{g))- 
The Harish-Chandra parameter of iTMil) is A, and the infinitesimal character 
of 7rAf(7) and 71(7) is A. 

The definition of character data is designed to make the lowest K-types 
of 7r(7) evident. For example if if is a compact Cartan subgroup then F is 
the highest weight of a lowest K-type of Ti{'~f). We are interested in char- 
acter formulas, so our needs are somewhat different. We modify this data 
appropriately. 
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Definition 16.2 A modified regular character for G is a triple 7 = {H, T, A) 
where H is a 6-stable Cartan subgroup of G, T is a character of H , and 
A e [)(C)*. We assume 

(16.4) (A, a") e R"" for all a e 

Let $j^(A) = {a G $i I (A, a^) > 0} and Pi(A) = | X]aG*+(A) ^- assume 

(16.5) dT = \-pi{X). 

Let CD{G) he the set of modified regular characters. If H is fixed let 
CD{G,H) be the set of modified regular characters (if, F, A). If H is given 
we write (T, A) = {H, T, A). 

Write H = TA and let M = CentG(^). Note that $i is tlie set of roots of 
f)(C) in m(C). Since the definition of modified regular characters only refers 
to the imaginary roots, CD{G, H) = GD{M, H). 

Associated to 7 is a relative discrete series representation TiMin)) with 
Harish-Chandra parameter A and central character T\z(m)- Let 6 a/ (7) be 
the character of vta/ (7). Then for h G if', 
(16.6) 

w£W{M,H) 

where = \ dim(Mrf/i^ n Md) and A° is given by (Oi) . 

Let P = MN be any parabolic subgroup containing M, and define 7r(7) = 
''^cil) = Indp(7rAf(7)). Since we are interested only in characters the choice 
of P is not important. Let Qg{i) be the character of ird'y)'- 

(16.7) 60(7) = Ind^(eA,,(7))- 

Suppose 7 = {H, r. A) is a modified character. Note that (with the ob- 
vious notation) 2pi(A) — 2pj^c(A) is a sum of roots, so e^^^^^^''^^^'"^^^ is a well 
defined character of H{C), and by restriction of H. This character is trivial 
on Z{M). It follows easily that (if, Fe^^''^'^^'^^'-'^'^'^^ A) is a regular character 
in the sense of Vogan, and defines the same relative discrete series represen- 
tation of M and standard representation of G. This construction is clearly 
a bijection between modified character data and character data in the sense 
of Vogan. 

There is a natural action of G on CD{G) by conjugation. The preceding 
bijection is G-equivariant. By [20] or [251 Theorem 2.9] we conclude: 
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Lemma 16.8 Suppose 7,7' G CD{G). Then Qcil) = ©0(7') if (^''^d only if 
7 = 91' for some g ^ G. 

We don't obtain every irreducible representation of G this way, since 
we don't allow "limit" characters, but this won't matter since we are only 
interested in stable virtual characters. Note that Wj = W{^i) acts on H 
and this induces an action on CD{G, H): w{H,T,\) = {H,wT,wX) where 
wT{h) = T{w~^h). Note that nciui'j) and nd'y) have the same infinitesimal 
and central character. 

Definition 16.9 Suppose 7 = (if, F, A) is a modified regular character. Let 

(16.10) tt'm{i)= ^m(^7)- 

w£W{M,H)\W^ 

and 

(16.11) ^g{i)= Y1 ""Giwi). 

w&W{M,H)\Wi 

Let ©4/(7) and 0^(7) be the characters of 7Tfj{'~f) and 7r^*(7), respectively. 

The character formula for 6^(7) on H is the same as (116. 6p with W{M, H) 
replaced by Wi. 

Lemma 16.12 ([24], Lemma 5.2) Fzx 7 G CD{G,H). Then 61^(7) and 
0^(7) are stable characters. 

Suppose Q is a stable virtual character of G. Then there exist 71, . . . , 7^ G 
CD{G) and integers Oi, . . . , a„ so that = X] c^j0*^'^*(7«)- 

Stable characters were defined before Definition 19.101 While the second 
part of the lemma is not stated in [24J it follows easily from the proof. See 
Definition 18.9 and Lemmas 18.10 and 18.11 of [7]. 

Now let G be an admissible cover of G. The definition of regular character 
extends naturally to G. See [HI Section 27] and [28], Section 2]. In this setting 
r is an irreducible representation of if, or (by Lemma 110.81) a character of 
Z{H). 

Definition 16.13 A genuine modified regular character of G is a triple 
{H, r. A). Here H is a Cartan subgroup of G, T is a genuine one- dimensional 
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representation of Z{H), and A G f)(C)*. ^45 in Definition \16.2[ we require 
(A,a^) G for all a G $i, and df = X - Pi{X). Let CDg{G) be the set 
of genuine modified regular characters of G, and CDg{G, H) the subset with 
given Cartan subgroup H. 

Let H = TAhe the image of ^ in G, M = CentG(^), and M = p-^{M). 
Associated to 7 = (if, F, A) is a relative discrete series representation vr^(7) 
of M . The formula for the character 0j^(7) is (cf. 116.61] 
(16.14) 

0m(7)(/^) = (-1)'^«A°(<|.+ (A), <w)e'"''^^^-''^^\h)Ti{T{f){w-^h)) 

w&w(m,H) 

for h G H' . Here ^(r) is the irreducible representation of H associated to V 
by Lemma [10.81 

As before we also associate to 7 the standard module vrg(7) for G induced 
from 7rjg(7). The central character of vr^(7) is the restriction of F to the 
center of M, and similarly for ttq{'^). 

Lemma 16.15 Suppose 7,7' G CDg{G). Then vrg(7) ^ 71^(7') if and only 
'^f 1' = 91 for some g E G. Every irreducible genuine representation of G is 
isomorphic to vrg(7) for some 7 G GDg{G). 

Proof. 

The first statement is a special case of [28l Theorem 2.9]. 

The second statement amounts to the fact that M has no genuine limits 
of (relative) discrete series. This is because every irreducible genuine rep- 
resentation of G is of the form vrg(7) where 7 is final limit data as in [28l 
Definition 2.4]. For final limit data we allow (A, a"^) = if a is a noncompact 
imaginary root. But if F is genuine, then by [H Lemma 6.11] {dT, a^) G Z+ ^ 
for all noncompact imaginary roots. This also holds for A, so (A, a^) 7^ for 
all noncompact imaginary roots. Therefore every genuine final limit data for 
G is in fact regular. □ 

There is no natural definition of stable distribution for G, and we do not 
define analogues of 71^(7) and t^g^i) ^• 

We will make frequent use of formal sums of modified regular characters 
(for example in Lemma Il6.12p . So if 7^ G GD{G) and ai E Z {i < n) we 
define QciJ^i^ili) — Xli '^«®G'(7j)) and similar notation applies to G. 
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17 Formal Lifting of Modified Character Data 



Fix an admissible triple {G,G,G). Choose a maximally split Cartan sub- 
group Hs of G, and {xs, Xs) ^ <S{Hs). This data determines transfer factors 
for G and G (Section[7]) and Lift^ is defined (Section[9]). Let n = ^{xs, Xs) G 



3* as in (6.36)(c) 



Suppose iJ is a ^^-stable Cartan subgroup of G and 7 = (if, F, A) G 
CD(G,H) (Definition [I62D. We define the lift of 7 to GDg{G,H). We first 
choose transfer factors for lifting from H to H. These differ from the obvious 
choice by a p-shift. 

Write H = TA and let M = CentG(^) as usual. Choose an arbitrary 
genuine character x of ^{H) and a special set $^ of positive roots of H in 
G. We assume 

(17.1) $+n$i = {aG$i|(A,a'') >0}. 

Let Xo be the character of H so that (x, Xo) ^ S{H, Xsi Xs) (Definition 
I05|) . Define 

(17.2) X = |e^^-1xo- 
Let (pH be restricted to if, and use it to define 

(17.3) Lift|(F) = Lift|(x,x,r) 

(cf. MM- 

Lemma 17.4 x independent of the choice of special positive roots 
satisfying (117. ip . and Lift^ is independent of the choice of x- 

Proof. This follows from Lemmas 16.151 and 16.471 □ 

Definition 17.5 // F|^er(fli_tf) 7^ x\Ker{(t>H) then Lift^(F) = 0, and we define 
Liftg(7) = and eg(Lift|(7)) = 0. 
Otherwise write 



:i7.6) Lift|(F) = X;r(F, 



1=1 
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where T^Ti) is given by Lemma \10.S\ n = \p{Z{H))/(j){H)\, and each Fj 
is a genuine one- dimensional representation of Z{H). For 1 < i < n let 
■ji = {H, Ti, |(A — /i)); this is a genuine regular character of G. Define 

(17.7) Lift|(7) = {7i,---,7n}. 

and 

n 

(17.8) eg(Liftg(7)) = 5^eg(7.). 

i=l 

It is important to keep in mind that Lift^ depends on x, and therefore 
on A and 7 (cf. Lemma [17. 4p . 

The next Lemma follows from the definitions. 

Lemma 17.9 Let g E G and define g = p{p{g)) E G. Then Liit^(g'y) = 
5fLift|(7). 

The following Lemma is an easy consequence of Lemma 117.41 and Corol- 
lary [T0l6l 

Lemma 17.10 Fix 7 = (if , F, A) G CDg{G). Then there is a unique 7 G 
CD{G) such that 7 occurs in Liftg(7). It is given hy^ = (if, F, 2A+/i) where 
F is the unique character of H such that t(F) occurs in Liftf (F) (cf. Corol- 
lary MUM- 

The reason for the shift (117.21) in the definition of Lift^ is that it makes 
the next Lemma hold. Fix a cuspidal Levi subgroup M of G. Recall (Section 
USD (M, M, M) is an admissible triple, where M = p-^{M) and M = p{M), 
and Lift^ was defined in Section [15] (following Lemma [15. 4p . 

Lemma 17.11 

(17.12) Ind|(e,^(Liftf (7))) = eg(Lift§(7)). 

Proof. Fix a genuine character x of Z{H). 

Let xo be the unique character of H so that (x, Xo) £ »5(ii, x^, Xs) 
and set Xi = Xo\e'''~''\. Let /i = fi{xs,Xs) = dxo - 2rfx - p($"^)- Then 
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the right hand side is the sum of terms lnd^{Q^{H,T,^{\ — /i)) where 

rGLift|(x,xi,r). _ 

On the other hand let X2 be the unique character of H so that (x, X2) G 
<SiH,(^lj,Xs,XM,s)- Let /iAf = KXs,Xm,s) = dx2 - 2(ix - p($,+)^Then (cf. 
Lemma [15.41) the left hand side is the sum of terms Ind~(6^(if, F, ^(A — 

IIm))) where f G Lift§(x, X2, T). 

It is enough to show xi = X2, i-e. {x,Xo) ^ <S{H,^+ ,Xs,Xs) implies 
{x,Xo\e''-'\) e ,Xs,Xm,.). This is Lemma [ISa](2). □ 



Corollary 17.13 Suppose 7 = {H,T,X)^ CDg{G,H). Then there is a 
character V of H such that 7 = (if, F, 2A + /x) G CD{G, H) , and ^ is a 
summand o/Lift^(7). 

Proof. This follows easily from Corollary llO.161 taker(/;,) = x{h){T/x~^){4'{h)). 
We leave the details to the reader. □ 

Given 7 = (H,T,X) G CD(G,H) it is helpful to know when Lift|(7) is 
non-zero for some choice of lifting data. 

Lemma 17.14 We can choose lifting data so that Lift^(7) if and only 



;i7.i5) m 



(xV)(/i) h e Ker{<f)H) n hI 

dh) h G TriH). 



Here, as usual, x is any genuine character of H, and p is defined with respect 
to a special set of positive roots (Definition \2.1\} . 

Proof. Fix lifting data {xs, Xs), and let Xo be the character of H such that 
yXs^Xs)- Then the lift is non-zero ifT[h) — \e^' ^{h)\xo{h) 
for all h G Ker{(j)H). It is easy to see \e'^^~P{h)\ = 1 for all h G Ker(0/^-), so 
the condition is 

(17.16)(a) r{h) = Xo{h) {heKeT{<f)H)). 

Using (16.21) the condition in (117.151) is equivalent to 
(17.16)(b) T{h) = Xoih) (/iGG,nKer(0H)). 
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This condition is obviously necessary; we need to show it is sufficient. 
Let A be a character of H satisfying 

(17.16)(c) X{h) = l (heHnGd) 

(17.16)(d) X{h) = T{h)xo\h) (/i G Ker(0H)). 

This is possible since Hr]Gdr\KeT{(f)H) = G'rfnKer(0j^), and Txq^ = 1 on this 
group by (b). Then A extends uniquely to a one dimensional representation 
of HGdi and then (possibly not uniquely) to a one dimensional representation 
i) of G. 

The result follows from Lemma I7.15t the lift is non-zero if we replace 
Ag(Xs, Xs) with V^Ag(xs, Xs)- □ 



18 Lifting Stable Discrete Series 

Assume that (G, G, G) is an admissible triple. Fix lifting data (x^, Xs) (Def- 
inition [7]T]). This data determines choices of transfer factors for G and G 
(Section 6) and Liftg is defined (Section 7). We assume for this section only 
that G has a relatively compact Cartan subgroup if, i.e. such that HCiGd is 
compact, and hence G, G, and G have relative discrete series representations. 
We consider lifting of the relative discrete series from G to G. See Section 
[T2] for the case when G = G is connected and semisimple. 

Fix a relatively compact Cartan subgroup H of G with roots Since H 
is relatively compact $ = ^i. Fix 7 = (H, F, A) G GD(G,II), and let 6^(7) 
be the associated stable discrete series character as in Section [161 We want 
to compute Lift§(e|(7)). 

Define Liftf(F) and Lift|(7) = (#,Liftf(F), i(A - /x)) as in Definition 
[T731 In this case by fOTSD 

(18.1) Lift|(r) = Liftf(x,x,r) 

where (x, x) ^ ^{H, $+(A), Xs, Xs) (since $ = is uniquely determined 

and x = Xo)- Fix (x, x) e S{H, $+(A), Z, Xs)- _ 

Let W = W{^) = Wi. Yoi w ^ W let W7 = {H,wT,w\). Then 

Lift-^(w7) = (ii, Lift^(wF), iw(A — /i)) is defined. It is important to keep 
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in mind that the hfting used in defining Liit-^iwY) depends on w: by the 
preceding discussion 

(18.2) Uit§iwT) = Lift|(x^, Xn,, wT) 

where {Xw,Xw) ^ <S{H, ^^{w\),Xs,Xs)- One possibihty is to take 

(18.3) {x^,X^) = {x,Xe'"'~n- 

To see this, write h = 7/2,0 where 7 G T{H) and Hq G ll^ . By Lemma [6.471 we 
can take Xw = X Xw{h) = x{h)e^P~''{hQ). Since H is relatively compact 
T(H) C Z(G), so e'^P-Piho) = e'^P-PQi). 

We will also use the fact that li x e W {G , H) ,y e W then 

(18.4) Uii^{xyT)(h) = Uit^{yT){x~^h), 
or more explicitly 

(18.5) Lm§{xxy,Xxy,xyT)(h) = Uft§{xy,Xy,y'^){x~^h). 

This follows from the fact we can take {xyy Xy) as in (118.31) and {Xxy, Xxy) = 
(xxy^xxy). Then 

(18.6) Uit§{xxy,Xxy,xyT)(h) = Uit§{xXy, xXy, xyT)(h) 
and it follows immediately from the definitions that this equals 

(18.7) Ui4{xy,xy,ymx~'h). 

Proposition 18.8 Let 7 G CD(G,H). Then 

(18.9) Liftg(ef (7)) = C^(if) 0G(Lift|(^7))- 

w£W(G,H)\W 

Proof. Let 6 = e|(7). By i^EMj 

(18.10) Q{h) = {-iyA%<^+, h)-^ t{w)e'"P-P{h)V{w-^h) {h G H') 
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where q = qc- Fix a strongly regular element h E H . Since H has no real 
roots we have 

By definition of lifting we have Lift^(0)(/i) = 



(18.11) c-i(-l)''AO($+,/i)-i 5^eHx(/i) x{h)-'e"'-P{h)wT{h). 

'"G^ h£X(H,h) 

Uhe X(H,h) then e'"P-p(h) = e^'"P-^P{h), so e'"^-^(/i) = e'"P~p(h)eP~'"P{h). 
Therefore 



Liftg(e)(/i) = c-^(-l)''A°($+,/i)-i ^ eHe"^-''(/i) 

;i8.12) 



^ ^ X 

m Yl xih)-'e''-^pih)wm. 

h(^X(H,h) 



BvfTTO 



(18.13) Y x{h)-'eP-^Pih)wT{h) = ciH)Ui4{x,xe'"'-',wT)ih). 

heX(H,h) 

By ffTOj) Lift|(x, xe"'"-", wr) = Liftf(wr). Recalling Cg{H) = C{H) = 
c{H) I c this gives 

(18.14) ^ 

Liftg(0)(/J) =C(i7)(-l)'^A°(/J,<l>+)-^ Y t{w)e'"P-p(h)Uii^{wV)(h) 
Write the sum as 

(18.15) <yy''~'Ch) Y e{x)e^''-''(h)Uf4{xyT)(h). 

yeW{G,H)\W xGW{G,H) 

By (11831) 

(18.16) Uf4{xyT)(h) = Lift|(?/r)(x-i/^). 
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Also, for all y & W we have 

(18.17) A%h, <l>+)-h{y)eyp-P = A\h, y<^+)-\ 

This gives 

Lift|(e)(/^) = c{H){-iy Yl ^'{y^^Jr'x 

(18.18) 

J2 e(x)e^"(/i)Liftf(yr)(x-i/i). 

x£W{G,H) 

By Proposition 110. Ill Liftj^(^r) = unless y G W{'y) where 

(18.19) W{^) = {weW\ x{h) = eP-'"P{h)wT{h) for all h e Ker(</.H)}. 
Fix y E W{j) and define 

(18.20) fy(h) = x(h)x-\h)eP-yp{h)yV{h) {h e X(H,h)). 
Then by Proposition 110.111 

(18.21) Ui4{yT)(h)= Tr(r(f)(/J)) {h e H). 
Thus 

J2 e{x)e''y''-y''(h)mt^{yT){x-^h) 

(18.22) ^^"^^^'"^ 

= Yl <x)e''yp-yp{h)TT{T{r){x~^h)). 

But for each f G Xg{H, fy) by ffTBTHD we have 
(18.23) 

(-l)^AO(y<|.+,/J)-i 5^ e{x)e^yP-yP{h)TT(T(T){x''h)) = eQ{^)(h) 

xeW{G,H) 

where 7 = (H, P, (yA — /i)/2) is the corresponding element of Lift^(?/7). Thus 
(18.24) Ltf4{Q){h) = C{H) Y E 0g(7)W- 

S/GH/(G,//)\H/(7) 7GLift|(y7) 
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In other words for every strongly regular element h G H we have 



(18.25) 



Liftg(0)(/i) = C{H) Yl 0G(Lift§(«;7))(/^). 



weW{G,H)\W 



Since is a stable discrete series character of G with Harish-Chandra 
parameter A, it is a stable invariant eigendistribution with infinitesimal char- 
acter A and is relatively supertempered. Thus by Theorems 10.32 and 10.35 
Liftg(G) is an invariant eigendistribution on G with infinitesimal character 

(A — /i)/2 and is relatively supertempered. Now each 6g(Liftg(w7)), w G W, 
is either zero or is a sum of discrete series characters which all have infinitesi- 
mal character (A— /i)/2, and hence is also a relatively supertempered invariant 
eigendistribution on G with infinitesimal character (A — /i)/2. Thus ( 118. 25p 
holds for all g ^ G' hj Harish-Chandra's Theorem 113.91 □ 

Not all of the terms in (118. 9p are non-zero. For a precise description of 
which ones are non-zero see Proposition 119. 151 

Example 18.26 Let G = SL{2,'R). A discrete series representation of G 
or G is determined by its Harish-Chandra parameter A G t*(C) where T is 
a compact Cartan subgroup of G. Write vr^(A) for the corresponding stable 
sum of discrete series of G, and vrg(A) for a discrete series representation of 
G. Let P = Z(p) be the weight lattice. We compute C(T) = 2, and then 



In the usual coordinates the lift is non-zero if and only if A is an odd integer, 



If G = PSL{2, R) ~ S0{2, 1) the result is the similar, except that G{T) = 

1. 

19 Lifting Standard Representations 

Fix an admissible triple {G, G, G) and lifting data (x^, Xs) for G. 

Suppose is a stable virtual character of G. Recall (Lemma ll6.12p that 
0^ is a sum of standard characters. Therefore, assuming we can write as 



(18.27) 




in which case ±A/2 G Z + |. 
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a sum of standard modules, it is enough to compute the hfting of an arbitrary 
standard character. This is the main result of this section (Theorem 119. ip . 

We recall some constructions from Section [161 Suppose 7 is modified 
character data for G (Definition 116.21) . with associated stable standard char- 
acter 9|^(7). Write 7 = (if, F, A) and let M be the corresponding Levi factor 
of G. Recall 7 is also character data for M, so the stable relative discrete 
series character 6|^(7) is defined, and 0^(7) = Ind^(6^(7)). (As in the 
previous section we write Ind^ instead of Ind^^). 

Recall (Section W) Liftg(7) is a set of modified character data for G. 
Recall Wi = W{<l>i) acts on CD{G,H). 

Theorem 19.1 

(19.2) Lift§(eg(7)) = C^(//) 0G(Lift|(^7)). 

weW(M,'H)\W^ 



Explicitly for w G Wi define Liit-^{w'y) by Definition \ 17.61 and define 'y{w,i) G 
CD.iG) by: 

(19.3) U{t%{w^) = Y,l{w,i) 

i=l 

(if the lift is empty take riw = Q). Then 

(19.4) Lift|(eg(7)) = C^(ii) 

w&W(MjI)\Wi «=1 

Proof. This is merely a question of assembling the pieces. Write for 
the sum over W{M,H)\Wi. Then 

Lift§(e|(7)) = Liftg(Indg.(e|.(7))) ((USTD and Definition 
= Ind|(Liftf (951(7))) (Theorem [IE27D 



%(ii)Ind|(5^ e^(Lift|J(^7)) (Proposition MM 

w 

Cc{H) J2 ©G (Lift|(w7) ) (Lemma fTTTTD . 
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□ 

It is important to know that the terms in the sum (119. 4p are distinct. 

Proposition 19.6 In the sum (I19.4p . 7T^(^{w,i)) ~ n^{j{w' if and only 
zfW(M,H)w = W(M,H)w' andi = i'. 

Proof. Suppose for i = 1,2, Wi G Wi, and % occurs in Liftg(u;,7). We 
may as well assume wi = 1, and write 71 = {H,Ti,^{X — /i)) G Liftg(7), 
72 = (if, \ {w\ — /i)) G Liftg(iy7) for some w EWi. We want to show 

(19.7) (#, f 2, ^(^A - /i) = g{H, Ti, ^(A - ^)) 

for some g E G implies w = 1 and Fi = r2. Since g normalizes H let u be 
the image of p{p{g)) in W{G,H) and set v = w'^u. Both w and u are in 

, the elements of W fixed by 0, so G . Also uA = twA, so f A = A and 
therefore v^f{\) = $/'(A). 

We now apply |27i Propositions 3.12 and 4.16]. By Proposition 3.12(c) 
V G W^,v^f{X) = $j^(A) implies v G W^, the Weyl group of the roots 
perpendicular to pi. Then by Proposition 4.16(a) v G C iy(G, if). 
Therefore w = uy-^ G W^(G,;ff). But w E Wi so w e W(G,H) nWt = 
W(M,H). 

Since we are summing over cosets of W{M, H) we may as well assume 
w = 1. Therefore 71 = {H,Ti, ^{X — fi)), 72 = (ii, 1^2, |(A — /i)). Since 
these are both contained in Liftg(7), Fi and r2 agree on H^. Since they are 
conjugate by 5^ G G they agree on Z{G). Since H = Z{G)H^ (Proposition 
14.71) this proves they are equal, proving the Lemma. □ 

Corollary 19.8 In the setting of the Theorem, let {71, . . . ,7„} he the set of 

constituents c»/Liftg(w7) asw runs overWi, considered without multiplicity. 
Then 

n 

(19.9) Liftg(7r|(7)) = CaiH) ^g(7.). 

1=1 

Remark 19.10 It is a remarkable fact that not only are the constituents 
of (119.41) distinct, they have distinct central characters. See Remarks 111.161 
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and 112.9] As in [3] one can use this, together with Fourier inversion on Z{G) 
to obtain a character formula for 6'^(7(iy, i)). Since this uses a number of 
structural results not needed elsewhere we omit the proof. 

Corollary 19.11 Suppose tt is an admissible virtual representation ofG and 
G,r stable. Then Lift^(07r) is the character of a genuine virtual represen- 
tation of G, or 0. //vr is tempered and fi{x,Xs) ^ ^3 then so is Liftg(e^). 

Every genuine standard module for G occurs in some Lift. 

Lemma 19.12 Fixj G CDg{G). Define 7 G CD(G) as m Lemma fTTl^ so 
that 7 occurs in Liftg(7). Thene^ij) occurs in Liftg-(6||(7)). Conversely, 
suppose 0^(7) occurs in Liftg(6|^(7')) for some 7' G CD{G) . Then 6^(7) = 
©1(7') • 

Proof. The first statement is an immediate consequence of Theorem 119.11 
Now suppose that 7' G CD{G) such that 0^(7) occurs in Liftg(60(7')). 

Then 6^(7) = Og(7') where 7' occurs in Liftg(w7') for some w G W^, 
the imaginary Weyl group for the Cartan subgroup associated to 7'. Since 
9^(7) = 6^(7'), by Lemma [16.151 there is'g E G such that 7 = 'g^' . De- 
fine g = p{p{g))- Then by Lemma 117.91 'y = gY occurs in 'gLift^{w'y') = 
Liftg((7W7'). But by Lemma 117.101 this implies that 7 = gwy'. Hence 

e§(7) = e§(y). □ 

We now make the sum (119.41) more exphcit. Assume Liftg(e|(7)) ^ 0. 
Then Liftg(w7) 7^ fo^' some w G Wi. and after replacing 7 with wy we 

assume w = 1. We may then describe the set oi w G Wi such that Liftg(w7) 
is non-empty. See (112.51) for a special case. 

Fix 7 = (H, r, A) G CD(G) and suppose Liftg(7r|(7)) ^ 0. Without loss 
of generality we may assume Liftg(7) 7^ 0. Then each component of Liftg(7) 
is of the form {H, F, ^(A — /i)). In particular |(A — /i) — pj(A) is the differential 

of a genuine character of H. 
Let 

(19.13)(a) L = {X exp(X) G T{H) nCf] H^}. 
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Note that T{H) fl C fl if" is a finite central subgroup, and L is a lattice. Let 

(19.13)(b) W# = {weWi\ exp{{wX/2 - A/2)(X)) = 1 for all X G L}. 

Here is an alternative description of W# in terms of M = CentG(^)- Let 
P)^.j be the weight lattice of the derived group of M, and 

(19.13) (c) L' = {7^ e Pit I exp(27ri7^) G T{H) n C n 

Note that Xm. C L' C P^f where Xm, = X^{T{C) n Md(C)). Then 

(19.13) (d) W# = {weWi\ {wX/2 - A/2, 7^) G Z for all 7'' G L'}. 

Suppose a G $i. By [31 Lemma 6.11]) and the fact that |(A — /i) — Pi(A) 
is the differential of a genuine character of if, we conclude (A/2, a^) G Z or 
Z + I depending on whether a is compact or noncompact. It follows that 
C Normvi/i($j,c)5 and it is easy to see W{M, H) C so we have: 

(19.14) iy($,,e) C W{M, if) C iy# C NormH/,($.,c) 

Compare [271 Proposition 4.16(d)]. 

Frequently r(ii') fl C fl = 1, so L is the kernel of exp restricted to f) 
and L' = Xm, ■ 

Proposition 19.15 Fix 7 G CD{G) and suppose Liftg(7) ^ 0. With W# 
as in (119. 13p we have 

(19.16) Lift|(ef (7)) = C^(ii) E ©g(7)- 

«;eH-{J\/,H)\H-# 7GLift§{«;7) 

There are \W{M,H)\W#\\Zo{H)/<i)(H)\ terms zn the sum. 

For example suppose 7 is a discrete series parameter for G = SL{2,M.), 
and G = SL{2,R) or PSL{2,R). Then <p(H) = Zo{H) = H, W{G,H) = 1 
and W# = Z/2Z. See Example [lESS 

Proof. Fix w & Wi. It is enough to show Liftg(w7) 7^ if and only if 
w G and by Lemma [17.111 this is equivalent to Liit^{w'y) 7^ 0. 

By assumption Lift§(x, X, T) 7^ where (x, x) e ^(ii, Xs)- By 

Proposition 110.111 T{h) = x{h) for all h G Ker(0//) where (pH is the re- 
striction of (f) to Then ^7 = (fl',w;r,w;A), and (cf. fTOl) Liftf(wr) = 
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Lm{x,Xu„wT) where Xwih) = e'"P-P{h)x{h). Thus Lift|(w7) ^ if and 
only if wT{h) = e'"P-P{h)x{h) for all h G Ker(0H)- But wT{h) = T{w~^h) = 
x{w~^h), so the condition is 

(19.17)(a) x{{w'^h)h'^) = e'"P~P{h) for all /i G Ker(0H). 

Write H = Z(M)(H nUdT, and h = zho accordingly. Since z G Z( M) and 
w eWi = W{M{C),H{C)), {w-^h)h~^ G {Hf\Mdf. By we can 

write condition { 

(19.17)(b) {x^eP){{w-^h)h^^) = e'"P~P{h) for all h G Ker(0H)- 

Let H{C)2 = {he H{C) \ = 1}. Then Ker(0H) = v{H{C)2) n so we 
can we can replace Ker(0//) with H{C)2 H p~^{H) on the right hand side of 
(b), which then becomes equivalent to 

(19.17)(c) x\{w~^h)h~^) = 1 for all h G H{C)2 n p-\H). 

We claim this is equivalent to 

(19.17) (d) x\{w'^h)h-^) = 1 for all h G H^, G r(if) n C. 

If is in the set in (c), write h = ta with t G exp(t(C)) and a G exp(a(C)) = 
A{C). Then t is in the set in (d), and t = ha~^ with a G A{C). Conversely 
for h as in (d), suppose h'^ = exp(iX) G r(_f/') with X G a (cf. 12.21) and let 
a = exp{iX/2) G A{C). Then x = ha satisfies the condition in (c). The 
claim follows since Wi acts trivially on A{C). 

For h in the set in (d) write h = exp(X/2) for X G f). As in the discussion 
preceding the Proposition choose x to be a genuine character of Z{H) with 
differential |(A — /i) — pi. Then since /i G 3(C)* 

X'i{w-'h)h-') = exp((A -fi- 2p,)iw-'X/2 - X/2)) 

(19.18) = exp(wA/2 - A/2)(X)exp((2pi - u'2pi)(X/2)) 

= exp(wA/2- A/2)(X) 

The last equality follows from exp{{2pi — wpi){X/2)) = exp{{pi — wpi){X)) = 
1 since exp(X) = h'^ e T{H) n C C Z{G). This gives ffTgiSD fb). The 
alternative description of is fairly standard. The kernel of the exponential 
map restricted to f) is contained in t, and now everything is taking place in 
M, and in fact in M^. □ 
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At least if (f){H) = Zq{H) the right hand side of (119. 16p . which is a sum 
over W{M, H)\W]j^, is a reasonable candidate for an L-packet for G. Unlike 
the linear case the terms in this sum have different central characters; this 
also happens for Mp{2n, M) [4]. However may depend on G, so this sum 
is not canonical. We also note that there is no obvious notion of stability for 
genuine virtual characters of G. Therefore the precise definition of L-packet 
for G remains to be determined. 



20 Appendix 

In this section we extend Hirai's Theorem on invariant eigendistributions to 
a class of groups containing all reductive groups of Harish-Chandra's class. 
We first give some definitions from [17]. Let G be a reductive Lie group 
with real Lie algebra q. Let 0d(C) be the derived algebra of the complex Lie 
algebra g(C). Let G*{C) be the connected complex adjoint group of 0d(C). 

Definition 20.1 G satisfies condition A if the image of G under the adjoint 
map Ad is contained in G* 



Recall [26] G is of Harish-Chandra's class if G has finitely many connected 
components, Z{Gd) is finite, and condition A holds. 

The kernel of Ad is CentdG'^), so let Ad(G) = G/CentG(G'°). Since 
Z{G) C CentciG^) there is a natural map p : G/Z{G) Ad(G). 

Definition 20.2 G satisfies condition B if it satisfies condition A and there 
is connected, complex group G^{C) with adjoint group G*{C) and an injective 
homomorphism making the following diagram commute: 

G/Z{G)^G\C) 

Ad 

Ad{G)^^G*{C) 

For example G satisfies condition B if it satisfies condition A and Z{G) = 
CentG(G'°) (take ^^(C) = G*{C)). Note that GL(2,M) satisfies condition 
B, but any admissible two-fold cover of GL{2, M) (cf. Section [3]) satisfies 
condition A (and is of Harish-Chandra's class) but not condition B. The 
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failure of nonlinear groups to satisfy condition B requires us to extend Hirai's 
results. 

Recall a connected complex Lie group is acceptable if p (one-half the sum 
of the positive roots) exponentiates to a character of a Cartan subgroup 
(cf. Section E]). 

Definition 20.3 G is acceptable if it satisfies condition A and there is an 
acceptable, connected, complex group G'^{C) with adjoint group G*{C) and a 
homomorphism making the following diagram commute: 

G 



p 



Ad 



Ad{G)^G*{C) 

This definition of acceptability for disconnected groups is very strong. For 
example, GL(2,M) is not an acceptable group (there is no nontrivial homo- 
morphism from GL(2,R) to S'L(2, C)), even though its identity component 
is acceptable. 

Hirai's Theorem gives necessary and sufficient conditions for a class func- 
tion on G' to be an invariant eigendistribution when G satisfies condition B 
and is acceptable. That the conditions are necessary requires only condition 
A and acceptability, and is a fairly straightforward extension of results of 
Harish- Chandra [TU]. Hirai's main contribution is to show that the condi- 
tions are sufficient, and for this he requires condition B. 

Let G be a reductive Lie group satisfying condition A. Then the algebra 
of all left and right invariant differential operators on G is equal to the 
center 3 of the universal envelopping algebra. In [16] Hirai showed how to 
extend the results of Harish-Chandra to show that when is a G°-invariant 
eigendistribution for the action of 3, then G is given by integration against a 
locally integrable function on G which we also call G. Further, G is analytic 
on G', the set of regular semisimple elements, and is a G^-invariant function, 
that is Q{xgx-^) = G(c/),x G G°,^ e G'. 

We assume for the remainder of this appendix that G is a reductive Lie 
group satisfying condition A and use the notation of Section [T31 

Definition 20.4 Let u be a character of^ and let Q be a G^ -invariant func- 
tion on G' . We say G G lEijj) if G is the analytic function on G' cor- 



99 



responding to a -invariant eigendistribution with infinitesimal character 

V. 

Let B be a G'^-invariant function on G' . Let if be a Cartan subgroup of 
G, a choice of positive roots, and use the notation of Section O Define 
(20.5) 

$+, h) = A°(<l>+, h)Q{h), ^{H, $+, h) = e,(<l>+, h)'^\H, $+, h). 

Suppose that G is acceptable with (p : G G^(C) satisfying the condi- 
tions of Definition [2031 Let p = p($+) and write ^p{h) = eP{(l){h)),h G H. 
For h & H' define 
(20.6) 

^>1{H, $+, h) = Uh)'^\H, $+, h), ^p{H, $+, h) = Uh)'^iH, $+, h). 

The functions \I/p(ii, $^) and ^ p{H, $+) are the ones used by Hirai to state 
his conditions. They can only be defined for acceptable groups. We first 
restate Hirai's conditions in terms of the functions \l/°(iJ, $"^) and ^{H, $"*") 
which can be defined without the assumption of acceptability. 

For X e f), define Dx and as in (fTXT]) and The following 

lemma follows easily from the definitions. 

Lemma 20.7 Assume that G is acceptable. Let F G C°°{H') and define 
Fp{h) = ^p{h)F{h), h e H'. Then 

DFp{h) = ip{h)DPF{h), heH',De 5(()(C)). 

Let F : H' ^ C, and let u he a. character of 3- Define conditions (CI, 
u) and (C2) as in Section [131 In the case that G is acceptable, we say F 
satisfies condition (CAl, u) if it satisfies (CI, u) with replaced by D. 

Lemma 20.8 1. //^(if, $^) satisfies condition (CI, ,u) for one choice 
of positive roots, then "^{H, $+) satisfies condition (CI, u) for any 
choice of positive roots. 

2. Assume that G is acceptable. Then "^piH, $+) satisfies condition ( CAl, 
u) if and only z/ \E'(if, $~^) satisfies condition (CI, $+,z/^. 

Proof. (1) Let be any choice of positive roots. Since er{^^,h) is lo- 
cally constant on H', "^{H, $+) satisfies condition (CI, z/) if and only if 
\l/°(if, $+) satisfies condition (CI, $+, u). Let w G W{^) so that w^'^ is an- 
other choice of positive roots for $ with p(w$+) = wp. Then A^{w^~^, h) = 
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e{w)e^ ^P{h)A^{^^,h),h G H, where e{w) = ±1 is the determinant of w. 
Thus 

(20.9) w<l>+, h) = e{w)eP~'"P{h)^\H, $+, h),he H' . 

Thus for any X e i),h e H', 

DJ^\H, h) = t{w)eP-'"P{h)D'^<^\H, $+, h). 

Thus satisfies condition (CI, w$+,z/) if and only if \l/°(iJ, $+) 

satisfies condition (CI, 

(2) follows from Lemma [20. 71 and the fact that S,p{h) and C,p^{h) are both 
real analytic on H. □ 

The proof of the following lemma is similar to that of Lemma 120.81 since 
er{^~^, h) is constant on each connected component of H'{R). 

Lemma 20.10 1. If^!{H,^^) satisfies condition (C2) for one choice of 
positive roots, then \E'(if, $+) satisfies condition (C2) for every choice 
of positive roots. 

2. Assume that G is acceptable. Then \E'p(if, $+) satisfies condition (C2) 
if and only if'^{H,^'^) satisfies condition (C2). 

Let a G and define J, $ j = c^"*", if(a), and (3 = c*(a) as in Section 
[T3l Let h G H{a) and assume that "^{H, satisfies condition (CI, u) 
and (C2). Then DP^^^{H,^+,h) are defined as in (113. 4p . There are also 
well-defined limits 

(20.11) D^^^^^H, $+, h) = limDe^°(i7, hexp{sa)). 
and when G is acceptable 

(20.12) D^^°(H, $+, h) = \im D^-^l{H, hexp{sa)). 

Further, h G J'(i?), so that ^'^^"(J, $j, h) and ^'^^(J, $), /i) are defined, 
and when G is acceptable, D^\E'°^(J, $j, /i) is defined. 
Define 

(20.13) e^{^+,h) = sign JJ (1 - e~^(/i)), /i G if(a). 
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Lemma 20.14 For all h e H{a), 

D'f^{H, $+, h) = ±e^($+, h)D'^^\H, $+, h)- 
D'J^iJ, h) = e.($+ J, /i). 

Proof. Fix h e H{a). The first equation holds because for all small s 7^ 0, 

ej.($"^, /iexp(sQ;)) = e"($+, /i)si5(n(s). 

The second equation holds because h e J'{R) so that €r{^j,h) is constant 
in a neighborhood of h. □ 

Lemma 20.15 Assume that a choice of positive roots such that a is 

a simple root for $+. Then e"($+, h) = er{^j, h) for all h G H{a). 

Proof. Fix h e H{a). Write $+\{q;} = $1 U $2 where 

$1 = {7 e :< 7, d >= 0} 

and $2 is its complement in $^\{a}. Then the positive real roots in $j are 
given by $+j = c*$i. Thus 

since e^*^(/i) = e^(/i) for all 7 e /i e //(a). Thus 

7e*2 

Let 7 G $2- Then since a is simple for 7 7^ a, and < 7, d 0, 
Sa7 e *2,Sa7 7^ 7- But e-"-T(/i) = e-T(/i). Thus 

sic/n [J (1 - e-^(/i)) = 1. 
7e*2 

□ 

Consider the following conditions. 
(20.16) D^<ifl{H,^+,h) = D^<if'^^{J,^+,h),he H{a). 
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(20.17) D%^>''{H, $+, h) = D^^m^J, $+, h), h e H{a). 

Condition (120.161) is the condition used by Hirai in pj6j for acceptable groups, 
and (120. 17p is the analogous condition for not necessarily acceptable groups. 
It is useful for our applications in Section [T3] to replace (120. 17p by condition 
(C3) of Section [131 The following lemma clarifies the relationship between 
these conditions. 

Lemma 20.18 1. If'$^{H,^~^) satisfies l[20.11 ) for one choice of positive 
roots, then \E'°(i7, $+) satisfies ^20.17^ for every choice of positive roots. 

2. Let <l>^ he a choice of positive roots such that a is simple for Then 
\E'°(iJ, $+) satisfies 1^20. if and only if'^{H,^^) satisfies condition 
(C3). 

3. Assume that G is acceptable. Then '^^p{H, $+) satisfies ^20.16\) if and 
only z/*°(i7,$+) satisfies ([MT^j. 

Proof. Let h G H{a) and let be any choice of positive roots. 

(1) Let w G W{^). Then wj = c*w(c*)"^ G W{^j), c*w$+ = Wj^j and 
WjPj = p{wj^j). Further, 

D^-^^H, h) = e{w)eP~'"P{h)D'^^\H, $+, h); 
^j./P,/^0(j^^^^+^ /i) = e{wj)eP'-'""''ih)D'y^\j, $+, h). 

But e{w) = e{wj) and e''^-™(/i) = e''*^P-'"p\h) = eP~'"P{h). Thus ^°(i7, 
satisfies fl20.17p when ^'°(if, $+) does. 

(2) follows from combining Lemmas 120. 141 and 120. 151 

(3) Using Lemma 120.71 we have 

D^mliH, $+, h) = ip{h)Dim\H, $+, h)- 

D^^>l{J, $+, h) = ep,(/i)Z^^^^°(J, h). 

Recall that ^p,^pj are defined using a homomorphism (j) : G G^{C). Let 
H^{C) and J^(C) be the Cartan subgroups of G^{C) with Lie algebras [)(C) 
and j(C). Then we can pick a representative of the Cayley transform c G 
G\C) with cH\C)c-^ = J\C) and c/ic"^ = h for all h G H\C) n J^{C). 
Then for h G H{a), 
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since G H\C) n J\C). Thus $+) satisfies flTO^ if and only if 

<iJ%H, $+) satisfies (im7|) . □ 

Definition 20.19 B satisfies condition C{h>) if for every Cartan subgroup H 
ofG and choice of positive roots ^{H, $"*") satisfies conditions ( Ci,$^, v) 
and (C2), and $+) satzs/^es |M77| j /or a// a G $+. 

Hirai's necessary and sufficient conditions are (CAl, z/), (C2), and (120. 16p . 
Using Lemmas I20.8[ I20.T0| and l20.18| when G is acceptable, 9 satisfies C{u) 
if and only if G satisfies Hirai's conditions. Thus we can state Hirai's Theorem 
as follows. 

Theorem 20.20 (Hirai, fl^ ) Let G be a reductive Lie group that satisfies 
condition B and is acceptable. Let Q be a G^ -invariant function on G' and 
let u be a character of ^. Then O G IE{v) if and only if O satisfies G{v). 

Remark 20.21 Suppose that B is a G-invariant function on G' . If O G 
lElu), then the corresponding eigendistribution is G-invariant. Thus G cor- 
responds to a G-invariant eigendistribution if and only if satisfies G(z/). 

Remark 20.22 In Hirai's statement of Theorem 120.201 in §11 of [I^, he 
starts with the functions p{H,^^) (which he calls k,^) on each of a set of 
representatives of G°-conjugacy classes of Cartan subgroups. He then 
gives an extra condition that he calls e-symmetric which guarantees that 
they can be patched together to give a G°-invariant function on G' which is 
our B. We don't use this condition since we assume from the beginning that 
we have a G^-invariant function on G'. 

We will prove the following extension of Hirai's Theorem. 

Theorem 20.23 Let G be a reductive Lie group which satisfies condition A. 
Let Q be a G'^ -invariant function on G' and let v be a character of^. Then 
G IE{v) if and only if G satisfies G{v). 

We will prove Theorem 120.231 by making a number of reductions and then 
applying Hirai's theorem. A number of routine lemmas are stated without 
proof. 

Let G be a reductive Lie group which satisfies condition A. Let 6 be a G°- 
invariant function on G' and let z/ be a character of 3- Since G is a Lie group, 
G has at most countably many connected components. Write G = UiXiG^ , 
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and let Bj = Qxi where Xi is the characteristic function of XiG^. Then each 
0j is a G^-invariant function on G' which is supported on XjG°. 

Lemma 20.24 6 G IE{y) if and only if &i G IE{y) for all i. Further, 9 
satisfies C(z/) if and only if Qi satisfies C(z^) for all i. 

Lemma 20.25 Each connected component of G has a representative x such 
that G Cg(G°) and < X > nCG(G°)G'° C Cg(G°) where < x > denotes 
the cyclic subgroup generated by x. 

Proof. Let G*(C) denote the connected complex adjoint group with Lie 
algebra Qdi'C). Since G satisfies condition A there is a homomorphism p : 
G G*{C) with kernel Cg(G°) such that Ad p{g) = Ad g,g eG. In fact, 
p{G) C the real points of G*{C). Fix x e G. Then p{xG°) is a 

connected component of G*{R). li p{xG^) = then xG^ C Cg{G°)G^ 

so we can pick our representative x G Cg(G°). Otherwise, p{xG^) = 
where = 1 and t ^ We can pick our representative x so that 

p{x) = t. Then X ^ Cg(G°)G'°, but ^(x^) = 1 so g GaiG^)- Thus 

< X > nCG(G°)GO =< x2 >c Gg(GO). □ 

First Reduction. Because of Lemmas 120.241 and 120.251 we may as well 

assume that G is supported on xG^ where x E G such that G Gg{G^) and 

< X > nCG(G°)GO C Cg(GO). 

Fix X G G such that x^ G Gg(G°) and < x > nGG(GO)GO C GciG^)- 
Define r : G° -> G° by r(5() = xgx'^,g G Since x^ G Gg(G°) we have 

= 1. Let Gr =< r > be the semidirect product of < r >= {1,t} 
and That is, if x G Gg(G°), then r = 1 and Gr = G^. Otherwise 
Gr = G^ U tG^ has two connected components. 

Define 4> '■ xG^ — >■ tG^ by (pixg) = rg, g G Then is a diffeomorphism 
with Ad{xg) = Ad{(l){xg)) for all g E G^ and (f){hxgh~^) = h(f){xg)h~^ for all 
h,g E G^. Thus there is a bijection between G°-invariant functions O on G' 
which are supported on xG° and G°-invariant functions O^ on G'r which are 
supported on rG° given by Q{xg) = Qr{.4'{.^9))^ 9 ^ 

Lemma 20.26 Let Q be a G^ -invariant function on G' which is supported 
on xG^ , and let Qr be the corresponding G^ -invariant function on G'r which 
is supported on tG^ . Then G G IE{v) as a function on G' if and only if 
Or G IE{v) as a function on G'r- Further, G satisfies G{u) if and only if Qr 
satisfies G{u). 
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Lemma 20.27 Cg,(G°) = Z{G^). 

Proof. Clearly n G° = Z{G^). Suppose there is ^ G G° such that 

rg e CgAG°). Then r G Cg.(GO)GO so that x G< x > nCGiG°)G^ C 
Cg(G°) and r = 1. Thus tG° n Cg,(G°) = unless rG° = In any case 
we have Cg.(G") = Cg,(GO) n G° = Z(G'°). □ 

Second Reduction. Because of Lemma 120.261 we may as well replace G 
by Gr- Thus we assume there is a; G G with = 1 and G =< x > kG^. 
Moreover, because of Lemma [20.271 we have Gg{G^) = Z{G^). We continue 
to write T{g) = xgx~^,g G 

Let C be a closed discrete subgroup of Z{G^) such that t(C) = G. Then 
C is a normal subgroup of G. Define Gi = G/G and Xi = xG. Then 

= G7C,xf = 1, and Gi =< xi > xG?. 

Suppose that 0i is a G^-invariant function on Gi. Then 6i lifts to a 
G°-invariant function on G' 

Lemma 20.28 G IE{y) if and only if Qi G IE{ij). Further, satisfies 
G{u) if and only if Qi satisfies C(z/). 

Lemma 20.29 Let G = {t{z)z^^ : z G Z{G^)}. Then G is a closed discrete 
subgroup of Z{G°) with t{G) = G. Define d = G/G. Then Z{Gi) = 
GgAGI) = Z{GI). 

Proof. Define i) : Z(G°) ^ Z(G°) by i){z) = t{z)z-\ Then is a 
homomorphism so that G = (j){Z{G^)) is a subgroup of Z{G^). Write 
= 0d © 3 where Qd = [q, d] aiid 3 is the center of g. Then Z{G^) = Z{G^)Z 
where Z = exp3. Now Z^G'^) is a closed discrete subgroup of Z(G°) and 
t{z) = z for all z ^ Z. Thus G = {t{z)z-^ : z G ^(G^)} C Z{G^J} and 
so is a closed discrete subgroup of Further, since = 1, we have 

t{^{z)) = ^(z-^) G C for all z G Thus t{G) = G. 

Write p : G Gi = G/G for the projection. Then Z(G?) = 
Let z G Z(G°). Then r(z)2~"'^ G C so that •p{x)'p{z)'p{xY^ = p{r{z)) = p{z). 
Thus p{z) G Z{Gi). Thus Z(G;) C Z(Gi) C GgAGi)- Conversely, let 
g E G and suppose that p{g) G Ggi(G5). Then Ad g = Ad p{g) = 1 so 
that g G Cg(GO) = Z(G°) by Lemma [2023 Thus p(^) G Z(G;). Thus 
Cgi(G?)cZ(G;). □ 
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Lemma 20.30 Define C as in Lemma \20.2S\ Let Q he a -invariant func- 
tion on G' which is supported on xG^ . Then 

Q{gc) = Q{g),geG\ceG. 

That is, factors to a G\-invariant function Oi on G'l supported on xiGi- 

Proof. Since 9 is supported on xG^ and G C G^, the result is true if 
g ^ xG°. Let g E G° with xg E G' and let ceG. Then there is ;z G Z{G°) 
such that c = t{z)z~^ = xzx~^z~^ = x~^zxz~^. Since G is G^-invariant and 
x~^zx E Z{G^) we have 

Q{xg) = Q{zxgz~^) = Q{xx~^zxgz~^) = Q{xgx~^zxz~^) = Q{xgc). 

□ 

Third Reduction. By Lemmas 120.281 and 120.301 we may as well assume 
that G = Gi. But by Lemma [2023 we have Z{Gi) = GqAG^) = ^(G?). 
That is, we can assume that Z{G) = Gg{G^) = Z{G^) and there is x G G 
with x"^ = 1 and G =< x > xG^. 

The following Lemma completes the proof of Theorem 120.231 

Lemma 20.31 Let G be a reductive Lie group satisfying condition A. As- 
sume that Z{G) = Gg{G^) = Z{G^) and there is x E G with x"^ = 1 and 
G =< X > xG°. Let Q be a G^ -invariant function on G' and let u be a 
character of^. Then G IE{v) if and only if Q satisfies G(z^). 

Proof. Write g = ©3 as in Lemma [20291 Then G° = G^^Z where and 
Z are the connected subgroups of G corresponding to Qd and 3 respectively. 
Since G° is a connected semisimple Lie group there is a connected finite 
central extension pi : Gi — > G° such that Gi is acceptable. That is, there is 
a connected acceptable complex Lie group G2(C) with Lie algebra gd(C) such 
that the inclusion map of Qd C QdiC) lifts to a homomorphism 0i : Gi — >■ 
G2(C). Let K = kerpi n ker 0i C Z(Gi) and define Gi =_Gi/K. Then pi 
and 01 both factor to Gi, so that we have : Gi — G° and 0^ : Gi — > G2(C). 
Thus Gi is also an acceptable cover of G°. Thus we may as well assume that 
ker pi n ker 0i = {1}. 

Since G satisfies condition A and G2(C) is a complex Lie group with 
Lie algebra gd(C) there is X2 E G2(C) such that Ad x = Ad X2. Then 
Ad x\ = Ad = 1 so that X2 E Z(G2(C)). Thus X2 has finite order. Let 
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P2 : Gi — > Gi be the simply connected cover of Gi. Then there is a unique 
automorphism r of Gi such that 

r(expX) = exp{Ad xX) = exp{Ad X2X),X E q. 

It satisfies — 1, and 

PiP2r(g) = xpip2ig)x~^, (l>iP2r(g) = X20iP2(5')a;^\ g e Gi. 
Suppose that g e ker p2- Then 

PiP2r{g) = xpiP2(g)x~^ = 1, (t)iP2T(g) = a:;20iP2(9O3:J^ = 1. 

Thus P2T~(g) ^ Pi n /cer 0i = {!}, so that T(g) G /cer p2- Thus r descends 
to give a well-defined automorphism r : Gi — > Gi satisfying = 1 and 

(20.32) Pi{T{gi)) = (t>i{T{gi)) = X20i(5'i)x2 \ g'l e Gi. 

Assume that zi e Z(Gi). Then pi(^i) e Z(G;]) C Z(G°) = Z(G) by as- 
sumption. Further, Ad{(t)i{zi)) — Ad zi — 1. This implies that (l)i{zi) e 
Z(G2(C)) since G2(C) is connected. Thus Pi{t{zi)) = xpi{zi)x~^ = Pi{zi) 
and 0i(r(2;i)) = X2(t)i{zi)x2^ = Thus t{zi)zi^ G ker pi H ker (pi — 

{!}. That is, t{zi) = Zi for all Zi G Z{Gi). 

Let m = 2m2 where m2 is the order of X2 and write for the additive 
group of integers mod m. Let G = {(2;,A;, g') : z G A; G G Gi}. For 

zi, Z2 & Z,k,q & 'Lmi gi,g2 £ Gi, define the product 

(20.33) {zi,k,gi){z2,q,g2) = {ziZ2,k + q,r'\gi)g2). 

Thus G is the direct product of Z with the semidirect product of and Gi 
where A; G acts on Gi by r^. G° is isomorphic to the direct product of Z 
and Gi and so G is a reductive Lie group with Lie algebra g. We calculate 
that 

(20.34) {z, k, g){z2, q, g2){z, k, g)-' = {z2, q, T\T-^{g)g2g-')). 

Thus Ad{z, k, g) = Ad{x''pi{g)) so that G satisfies condition A. We will show 
that 

(20.35) Z(G) = Cq{G') = {{z, k,g):zeZ,x' = l,ge Z(Gi)}. 
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Using (120.341) and the fact that T{g) = g for all g G Z{Gi), it is clear that 
{iz,k,g) : z ej,x^ = e Z{Gi)} C Z{G) C Suppose that 

{z,k,g) e C^{G^). Then Ad{x^pi{g)) = Ad{z,k,g) = 1, so that x''pi{g) e 
Cg(GO) = Z{G) = by assumption. Thus x'^ G< x > nG° = {1}. 

Thu^x'^ = 1 and pi{g) E Z{G) n = so that g E Z{Gi). Thus 

Cg(G'°) C : z E Z,x^ = l,g E Z{Gi)} C This shows that G 

satisfies condition B. 

Define : G — > G2(C) by fc, (?) = X20i(5'). It is well-defined because 
m is a multiple of the order of X2- It is easy to show it is a homomorphism 
using (120.321) . It is a continuous homomorphism which induces canonically 
the natural injection of Ad((j) into Ad (G2(C)). Thus G is acceptable. 

Define p : G ^ G hy p{z, k,g) = zx^pi{g). The mapping is well-defined 
since m is even, and it satisfies Ad p{z,k,g) = Ad{z,k,g). It is easy to 
show that it is homomorphism using (120.321) . and it is clearly surjective. Let 
{z, k, g) E ker p so that zx^pi{g) = 1. Then Ad{z, k, g) = Adp{z, k,g) = 1 so 
that iz,k,g)^E Cq{&) = Z{G). Thus ker p C Z{G). Further, using 
we have Z{G)^ = {(2, 0, 1) : 2 G Z}. Thus the identity component of ker p is 
contained in Z{G)^ fl ker p = {(1, 0, 1)} so that ker p is a discrete subgroup 
of 

Let O be a G°-invariant function on G' and let u he a. character of 3- 
Lift to a G^-invariant function G on G'. Then G lEiy) if and only 
if G G IE{v) and G satisfies G{v) if and only if G satisfies G{v). But G 
is acceptable and satisfies condition B. Thus G G lEiy) if and only if G 
satisfies G(z/) by Theorem [20201 □ 



References 

[1] J. Adams. Unitary shimura correspondence for split real groups. Journal 
of the American Mathematical Society^ 20(3). preprint. 

[2] J. Adams. Characters of non-linear groups. Proceedings of Conf. on 
Representation Theory and Harmonic Analysis, Okayama, Japan, 26:1- 
18, 2000. 

[3] J. Adams and P. Trapa. Duality for nonlinear simply laced groups, 
preprint , http: / /www.math. umd.edu/ ~jda /preprint s/ duality. p df 



109 



[4] Jeffrey Adams. Lifting of characters on orthogonal and metaplectic 
groups. Duke Math. J., 92(1):129-178, 1998. 

[5] Jeffrey Adams. Characters of covering groups of SL(n). J. Inst. Math. 
Jussieu, 2(1):1-21, 2003. 

[6] Jeffrey Adams. Nonhnear covers of real groups. Int. Math. Res. Not, 
(75) :403 1-4047, 2004. 

[7] Jeffrey Adams, Dan Barbasch, and David A. Vogan, Jr. The Langlands 
classification and irreducible characters for real reductive groups., volume 
104 of Progress in Mathematics. Birkhauser Boston Inc., Boston, MA, 
1992. 

[8] Y. Fhcker D. A. Kazhdan. Metaplectic correspondence. 64:53-110, 1986. 

[9] Y. Flicker. Automorphic forms on covering groups of GL(2). 57:119-182, 
1980. 

[10] Harish-Chandra. Invariant eigendistributions on a semisimple Lie group. 
Trans. Amer. Math. Soc, 119:457-508, 1965. 

[11] Harish-Chandra. Harmonic analysis on real reductive groups. I. The 
theory of the constant term. J. Functional Analysis, 19:104-204, 1975. 

[12] Harish-Chandra. Supertempered distributions on real reductive groups. 

In Studies in applied mathematics, volume 8 of Adv. Math. Suppl. Stud., 
pages 139-153. Academic Press, New York, 1983. 

[13] Henryk Hecht and Wilfried Schmid. Characters, asymptotics and n- 
homology of Harish-Chandra modules. Acta Math., 151(l-2):49-151, 
1983. 

[14] Rebecca A. Herb. Two-structures and discrete series character formulas. 
In The mathematical legacy of Harish-Chandra (Baltimore, MD, 1998), 
pages 285-319. Amer. Math. Soc, Providence, RI, 2000. 

[15] Takeshi Hirai. Invariant eigendistributions of Laplace operators on real 
simple Lie groups. I. Case of SU(p, g).. Japan. J. Math., 39:1-68, 1970. 



110 



[16] Takeshi Hirai. Supplements and corrections to my paper: "The char- 
acters of some induced representations of semisimple Lie groups" (J. 
Math. Kyoto Univ. 8 (1968), 313-363). J. Math. Kyoto Univ., 15:237- 
250, 1975. 

[17] Takeshi Hirai. Invariant eigendistributions of Laplace operators on real 
simple Lie groups. II. General theory for semisimple Lie groups. Japan. 
J. Math. (N.S.), 2(l):27-89, 1976. 

[18] J.-S. Huang. The unitary dual of the universal covering group of 
GL{n,K). 61:705-745, 1990. 

[19] J.-S. Huang J. Adams. Kazhdan-patterson lifting for GL(n, R). 
89(3):423-444, 1997. 

[20] D. A. Kazhdan and S. J. Patterson. Metaplectic forms. Inst. Hautes 
Etudes Sci. Publ. Math., (59):35-142, 1984. 

[21] D. A. Kazhdan and S. J. Patterson. Towards a generalized Shimura 
correspondence. Adv. in Math., 60(2): 161-234, 1986. 

[22] A. Knapp. Representation Theory of Semisimple Groups. An overview 
based on Examples. Princeton University Press, Princeton, NJ, 1986. 

[23] David Renard. Endoscopy for Mp(2n, R). Amer. J. Math., 121(6):1215- 
1243, 1999. 

[24] D. Shelstad. Characters and inner forms of a quasi-split group over R. 
Compositio Math., 39(l):ll-45, 1979. 

[25] D. Shelstad. Mndistinguishability for real groups. 259:385-430, 1982. 

[26] D. Vogan. Representations of Real Reductive Lie Groups, volume 15 of 
Progress in mathematics. Birkhauser, Boston, 1981. 

[27] D. Vogan. Irreducible characters of semisimple Lie groups IV. character- 
multiphcity duahty. 49, No. 4:943-1073, 1982. 

[28] David A. Vogan, Jr. Unitarizability of certain series of representations. 
Ann. of Math. (2), 120(1) :141-187, 1984. 



Ill 



